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Philosophiæ Naturalis Principia Mathematica (1687) 

Newton (1687) 

“The Principia marked the epoch of a great revolution in physics. The 
method followed by its illustrious author Sir Newton ... spread the 
light of mathematics on a science which up to then had remained in 
the darkness of conjectures and hypotheses” (Clairaut)

“The Principia is one of the most influential works in Western culture, 
but it is a work more revered than read” (Brackenridge)

Dec 14, 2016 

“The Principia is perhaps the greatest intellectual stride that it has 
ever been granted to any man to make” (Einstein)
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3.Geometry. is.geometry.only.through.the.
abstract-simplicity-of-its-object..Only.that.
makes. it. certain. and. demonstra>ve.. The.
object- of- physics- is-much- vaster.. That. is.
what. makes. it. difficult,. uncertain. and.
obscure..But. this. is.essen>al. to. it:.one- is-
not-a-beZer-physicist-because-one-is-the-
best-of-geometers-(Castel,.1743).

3.It.is.not.sufficient.for.a.system.to.sa>sfy.
the. phenomena. only. in. a. vague. and.
general.manner,.or. to.provide-plausible-
explanaRons- of- some- of- them:. the.
details. and. the. precise- calculaRons- are-
the-touchstone;.only.they.can.tell.if.one.
must. adopt,. reject,. or. modify. an.
hypothesis.(D’Alembert,.1749).

What did mathematics do to physics? (Gingras, 2001) 
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January 1684 
 
 
 
 
 
 
  Hooke       Wren         Halley 
 
August 1684   
Months passed and Hooke had yet to produce his evidence. Edmund Halley traveled to 
Cambridge to find out what Isaac Newton had to say on the matter. 
 
When Halley put the question to Newton, Newton surprised him by saying that he had already 
made the derivations some time ago; but that he could not find the papers… 
 
November 1684   
Newton sent Halley a nine-page manuscript titled De Motu Corporum in Gyrum (On the Motion 
of Orbiting Bodies). 
 
Halley is so fascinated by its content and method that he demands Newton to send more of his 
work to the Royal Society – which leads to the Principia (1687) 

Motivation to write the Principia 

How to derive the laws of planetary motion? 
 
Hooke claims to have derived that an inverse square 
law leads to an ellipse, but shows no evidence. 
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De Motu Corporum in Gyrum 
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Theorem 1: Central force   è Equal areas 

Wikipedia: Newtons proof of Keplers second law.gif 
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Theorem 3: Force proportional to QR/(SP2 x QT2) 
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Problem 1: Center in the circumference 

F(r) ∝ 1/r5 

F ∝ QR/(SP2 x QT2) 
Thus,  SA2  /  SP2  =  RP2  /  QT  2  =  (QR  ×  LR  )  /  QT2  =  (QR  ×  SP  )  /  QT2  ,  which  can  be  solved  for

the  discriminate  ratio  (i.e.,  QR  /  QT2  =  SA  2  /  SP3  ).  When  that  is  done,  the  linear  dynamics  ratio  QR  /
(QT2  ×  SP2  ),  and  hence  the  force  F  ,  can  be  expressed  in  terms  of  SP  .
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Figure  5.3A
A  revised  diagram  for  Problem  1.  The  perpendicular    RX    and

the  radius  OP    are  added.

Figure  5.3B
The  triangle  RPX    is  similar  to  the  triangle    SAP  .

1.  From  Theorem  3,  FµQR  /  (QT2  ×  SP2  )  =  (QR  /  QT2  )  (1  /  SP2  ).

2.  Substituting  for  QR  /  QT2  from  above,  Fµ  (SA  2  /  SP3  )  (1  /  SP2  )  =  SA2  /  SP  5  .
3.  Because  SA  is  the  given  constant  diameter  of  the  circle,  the  force  is  inversely  proportional  to

the  fifth  power  of  the  radius,  that  is,  Fµ  1/SP5  .
Thus,  the  proportional  dependence  of  the  force  F  on  SP  is  known  and  so  the  solution  to  Problem  1

is  given  (i.e.,  Fµ  1/SP5  ).  What  follows  is  Newton's  detailed  analysis  for  this  problem.

[2-D]  There  will  be  RP2  (that  is  ,  QR  ×  LR)  to  QT2as  SA2to  SP2  .

First,  one  must  demonstrate  that  RP2  /  QT  2  =  SA2  /  SP2  .  See  figure  5.3A  for  a  revised
diagram[2]  that  defines  another  perpendicular  to  SP  at  a  point  X  .  From  the  similar  triangles  RXP  and
SPA  (see  above)  one  has  RP  /  RX  =  SA  /SP  ,  and  from  the  parallelogram  RPXQ  one  has  RX  =  QT  .
Thus,  RP  /QT  =  SA  /  SP  .  Newton  expresses  the  ratio  RP2  /  QT2  =  SA  2  /  SP2  as  squares  because  QT2

is  needed  in  the  discriminate  ratio,  QR  /  QT2  .
Similarity:  (1)  Angle  OPR  =  90°  because  OP  is  a  radius  of  the  circle  and  PR  is  the  tangent  to  the

circle.  Angle  PXR  =  90°  by  construction.  Thus,
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1: ∆SAP ~ ∆RPX ∴ (SA/SP)2 = (RP/QT)2 

2: RP2 = (QR).(LR) 

3: R è P     LR è SP  

QR/QT2 = SA2/SP3   

Figure  5.4A
From  Proposition  36  of  Book  3  of

Euclid's  Elements  :  CF    /    CB    =  /CB    /  CD  .

Figure  5.4B
Thus,  RL    /  RP    =  RP    /  QR    or

RP2    =    QR    ×  RL    as  required  in  Problem  1.

angle  SPR  is  the  complement  of  both  angles  OPS  and  PRX  and  thus  angles  OPS  and  PRX  are
equal.

(2)  Angle  PSO  =  angle  OPS  because  OS  and  OP  are  both  radii  of  the  circle.  Thus,  angle  PSO  =
angle  PRX  .

(3)  Angle  APS  =  90°  because  PS  and  PA  are  chords  of  the  circle  terminating  on  the  diameter  SA  .
Thus,  triangles  RXP  and  SPA  have  all  angles  equal  and  are  thus  similar.  Note  in  figure  5.3B  that  line
RX  equals  line  QT  and  thus  the  ratio  RP  /RX  =  RP  /QT  =  SA  /SP  as  required  above.

Second,  one  must  demonstrate  that  RP2  =  QR  ×  LR  ,  a  relationship  that  introduces  the  deviation
QR  into  the  analysis.  Newton  obtained  this  result  from  Proposition  36  of  Book  3  of  Euclid's  Elements  to
relate  the  following  lines  (see  fig.  5.4A):  CB  (the  tangent),  CD  (the  deviation),  and  CF  (the  chord  plus
the  deviation).  Euclid's  basic  relationship  is  given  as  CF  /CB  =  CB  /CD  ,  or  BC2  =  CD  ×  CF  .  Figure
5.4B  extends  Euclid's  relationship  to  the  diagram  for  Problem  1,  where  CB  =  RP  ,  CD  =  QR  ,  and  CF  =
LR  .  Thus,  QR  /  RP  =  RP  /  LR  ,  or  RP  2  =  QR  ×  LR  ,  as  required  above.

[2-E]  Therefore  (QR  ×  LR)  ×  (SP2  /  SA2  )  =  QT2  .

The  first  result  from  [2-D]  gives  RP2  /  QT  2  =  SA2  /  SP2  or  QT2  =  (SP2  /  SA  2  )  RP2  .  The  second
result  from  [2-D]  gives  RP  2  =  (QR  ×  LR  ).  Substituting  the  second  value  for  RP2  into  the  first
expression  gives  the  desired  result  (i.e.,  QT2  =  (QR  ×  LR  )  (SP2  /  SA2  )).  Thus,  Newton  has  obtained
an  expression  relating  the  two  elements  QT2  and  QR  of  the  discriminate  ratio  QR  /QT2  ,  which  is
required  in  the  linear  dynamics  ratio  QR  /(QT2  ×  SP2  )  to  measure  the  force.
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Figure  5.5
As  the  point  Q    approaches  the  point  P  ,  the  line  segment  LR

approaches  the  line  segment  SP  .

Step  3—
The  Limit
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Problem 2: Center in the center of an ellipse 

F(r) ∝ r 

1: ∆QTV ~ ∆PFC ∴ (QT/QV)2 = (PF/PC)2 

2: (PV x VG)/QV2 = PC2/CD2 

PV = QR  QR/QT2 = PC4/(VG x CD2 x PF2)  

Hypothesis  2.  Every  body  by  its  innate  force  alone  progresses  uniformly  along  a  straight  line  to  infinity  unless
something  impedes  it  from  outside  .

Following  Descartes,  Newton  states  that  motion  free  from  an  external  force  (i.e.,  motion  subject
only  to  "innate  force")  takes  place  at  a  uniform  rate  along  an  infinite  straight  line.  An  enlarged  version
of  this  statement  appears  as  the  first  law  of  motion  in  the  Principia  .[15]

Hypothesis  3.  A  body,  in  a  given  time,  with  forces  having  been  conjoined,  is  carried  to  the  place  where  it  is  carried  by
separated  forces  in  successively  equal  times  .

This  rule  for  the  combination  of  displacements  as  a  measure  of  forces  was  implicit  in  Newton's
pre-1665  analysis  of  circular  motion  but  is  made  explicit  here.  Although  Newton  gives  it  as  a
hypothesis  in  On  Motion  ,  in  the  first  revision  of  the  tract  Newton  adds  a  demonstration  and  promotes
the  hypothesis  to  the  status  of  a  lemma.[16]
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Figure  4.1
The  area  of  parallelogram  A  is  equal  to  the  area  of  parallelogram  B  (Proposition  31,

Book  7,  of  the  Conics    of  Apollonius  of  Perga).

Hypothesis  4.  The  space  which  a  body,  with  some  centripetal  force  impelling  it,  describes  at  the  very  beginning  of  its
motion,  is  in  the  doubled  ratio  of  the  time  .

This  relationship  is  critical  to  all  of  Newton's  analysis  of  action  under  a  continuous  centripetal
force.  It  is  the  very  core  of  his  analysis;;  yet  it  is  given  here  very  simply  and  with  little  explanation.
This  hypothesis  will  be  revised  by  the  addition  of  a  demonstration,  and  it  also  will  be  promoted  to  the
status  of  a  lemma.

Lemmas

Lemma  1.  All  parallelograms  described  around  a  given  ellipse  are  equal  to  each  other.  This  is  established  from  the
Conics.

This  lemma  is  demonstrated  in  Book  7,  Proposition  31  in  the  Conics  of  Apollonius  of  Perga  (c.  262–c.
200  B.C.  );;  see  figure  4.1.[17]  The  area  of  the  circumscribed  parallelogram  A  is  2PC  ×  DK  ,  and  it  is
equal  to  the  area  of  the  circumscribed  parallelogram  B  ,  which  is  2PF  ×  DK  .  It  is  important  to  note  in
parallelogram  B  that  PF  is  the  normal  to  DK  ,  while  in  parallelogram  A  that  PC  is  the  normal  to  DK  .
The  sides  of  parallelogram  B  are  tangent  to  the  ellipse  at  points  P  and  D  ,  where  DK  is  constructed
parallel  to  the  line  tangent  at  point  P  .  This  relationship  will  appear  as  Lemma  12  in  the  Principia  ,
where  it  is  employed  in  the  solution  of  the  direct  Kepler  problem.

Lemma  2.  Quantities  proportional  to  their  differences  are  continuously  proportional.  Set  A:  (A  –  B)  =  B:  (B  –  C)  =  C:  (C
–  D)  =  .  .  .  and  by  dividing  there  will  be  produced  A:B  =  B:C  =  C:D  =  .  .  .

This  lemma  has  application  only  to  motion  in  a  resistive  medium,  a  topic  which  does  not  appear  in
the  first  three  sections  of  Book  One  of  the  Principia  .
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Following  the  completion  of  the  draft  of  On  Motion  of  Bodies  in  Orbit  (or  simply  On  Motion  )  that  was
sent  to  Halley,  and  hence  to  the  Royal  Society,  Newton  produced  a  slightly  enlarged  version  of  the
tract,  entitled  On  the  Motion  of  Spherical  Bodies  in  Fluids  .[18]  The  body  of  the  tract,  which  supplied

F ∝ QR/(CP2 x QT2) 

Figure  5.12

The  diameter  PG    bisects  the  chords  QQ  '  and

DK  .  From  Proposition  15  of  Book  1  of

Apollonius's  Conics  ,  the  ratio  of  PV    ×    VG    /  QV 2

is  equal  to  the  ratio  PC 2    /  DC 2  .

Figure  5.13

The  shaded  area  in  the  ellipse  is  abstracted  as  the  triangles    EPF    and  XQT  .  Since  the  lines

QX    and  EF    are  parallel,  the  triangles  are  similar.

[2-M]  that  is,  as  CA 2to  PF 2  ,  or  as  CD 2to  CB 2  .  [Finally,  that  is  ,  QX 2to  QT 2as  CD 2to  CB 2  .]

From  [2-B]  or  [2-E],  EP  =  CA  ,  thus  EP  /  PF  =  CA  /  PF  .  Also,  from  Lemma  1,  area  4(CA  )  (CB  )  =

area  4(CD  )  (PF  )  (see  fig.  5.14),  or  CA  /  PF  =  CD  /  CB  .  Thus,  from  [2-L]  QX  /  QT  =  EP  /  PF  =  CA  /  PF

=  CD  /CB  ,  which  can  be  written  in  the  square  as  in  line  [2-L]  (i.e.,  QX 2  /  QT   2  =  CD 2  /  CB 2  ).
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Figure  5.14

The  area  of  parallelogram  A  (=  4BC    ×  CA  )  is  equal  to  the  area  of  parallelogram  B

(=  4CD    ×  PF  ).

[2-N]  And  when  all  these  ratios  are  combined  ,  L  ×  QR  /  QT 2

Figure  5.12

The  diameter  PG    bisects  the  chords  QQ  '  and

DK  .  From  Proposition  15  of  Book  1  of

Apollonius's  Conics  ,  the  ratio  of  PV    ×    VG    /  QV 2

is  equal  to  the  ratio  PC 2    /  DC 2  .

Figure  5.13

The  shaded  area  in  the  ellipse  is  abstracted  as  the  triangles    EPF    and  XQT  .  Since  the  lines

QX    and  EF    are  parallel,  the  triangles  are  similar.

[2-M]  that  is,  as  CA 2to  PF 2  ,  or  as  CD 2to  CB 2  .  [Finally,  that  is  ,  QX 2to  QT 2as  CD 2to  CB 2  .]

From  [2-B]  or  [2-E],  EP  =  CA  ,  thus  EP  /  PF  =  CA  /  PF  .  Also,  from  Lemma  1,  area  4(CA  )  (CB  )  =

area  4(CD  )  (PF  )  (see  fig.  5.14),  or  CA  /  PF  =  CD  /  CB  .  Thus,  from  [2-L]  QX  /  QT  =  EP  /  PF  =  CA  /  PF

=  CD  /CB  ,  which  can  be  written  in  the  square  as  in  line  [2-L]  (i.e.,  QX 2  /  QT   2  =  CD 2  /  CB 2  ).
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Figure  5.14

The  area  of  parallelogram  A  (=  4BC    ×  CA  )  is  equal  to  the  area  of  parallelogram  B

(=  4CD    ×  PF  ).

[2-N]  And  when  all  these  ratios  are  combined  ,  L  ×  QR  /  QT 2

Figure  5.9

The  triangle  SIH    below  is  abstracted  from  the  shaded  area  of  the

ellipse  above.  Line  EC    is  parallel  to  line  IH    and  thus  triangles  SEC

and  SIH    are  similar.

QT 2  ×  SP 2  approaches  1  /  (L  ×  SP 2  ).  The  force,  therefore,  is  inversely  proportional  to  the  square

of  the  distance  SP  ,  as  was  to  be  demonstrated.  What  follows  is  a  detailed  analysis  of  Newton's

demonstration  of  the  solution.

[2-B]  It  is  clear  that  EP  is  equal  to  the  semi-major  axis  AC,

At  least  it  will  be  "clear"  that  EP  =  AC  after  Newton's  demonstration  in  the  next  three  steps  ([2-C]

to  [2-E]).  This  particular  relationship  for  an  ellipse,  EP  =  AC  ,  is  not  found  in  the  standard  works  on

conic  sections  and  appears  to  be  original  with  Newton. [4]

[2-C]  seeing  that,  when  from  the  other  focus  H  of  the  ellipse  the  line  HI  is  drawn  parallel  to  CE,  because  CS  and  CH  are

equal  ,  ES  and  EI  are  equal  .

Or,  ES  =  EI  .  The  lines  CS  and  CH  are  equal  because  they  both  locate  a  focus  (S  or  H  )  relative  to

the  center  C  .  The  equality  of  ES  and  EI  follows  from  the  similarity  of  triangles  SEC  and  SIH  and  the

equality  of  line  segments  CS  and  CH  (see  fig.  5.9).
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Figure  5.10

The  sum  (SP    +  PH  )  is  a  constant  for  any  given  ellipse,

Figure  5.12
The  diameter  PG    bisects  the  chords  QQ  '  and

DK  .  From  Proposition  15  of  Book  1  of
Apollonius's  Conics  ,  the  ratio  of  PV    ×    VG    /  QV2

is  equal  to  the  ratio  PC2    /  DC2  .

Figure  5.13
The  shaded  area  in  the  ellipse  is  abstracted  as  the  triangles    EPF    and  XQT  .  Since  the  lines

QX    and  EF    are  parallel,  the  triangles  are  similar.

[2-M]  that  is,  as  CA2to  PF2  ,  or  as  CD2to  CB2  .  [Finally,  that  is  ,  QX2to  QT2as  CD2to  CB2  .]

From  [2-B]  or  [2-E],  EP  =  CA  ,  thus  EP  /  PF  =  CA  /  PF  .  Also,  from  Lemma  1,  area  4(CA  )  (CB  )  =
area  4(CD  )  (PF  )  (see  fig.  5.14),  or  CA  /  PF  =  CD  /  CB  .  Thus,  from  [2-L]  QX  /  QT  =  EP  /  PF  =  CA  /  PF
=  CD  /CB  ,  which  can  be  written  in  the  square  as  in  line  [2-L]  (i.e.,  QX2  /  QT  2  =  CD2  /  CB2  ).

―  115  ―

Figure  5.14
The  area  of  parallelogram  A  (=  4BC    ×  CA  )  is  equal  to  the  area  of  parallelogram  B

(=  4CD    ×  PF  ).

[2-N]  And  when  all  these  ratios  are  combined  ,  L  ×  QR  /  QT2

1 and 2: QT2 = (PV x VG).(CD2/PC2).(PF/PC)2   

3: BC x CA = CD x PF = const. 

4: R è P     VG è 2PC  
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Problem 3: Center in the focus of an ellipse (finally!) 

F ∝ QR/(SP2 x QT2) 

Find QR 

1: ∆PXV ~ ∆PEC ∴ (PE/PC) = (PX/PV) 
    Since PX = QR  ∴ QR = PV (PE/PC) 

CK  )  =  (BC  ×  CG  ),  where  DC  =  CK  and  BC  =  CG  .  Thus,  the  ratio  PV  ×  VG  /  QV 2  about  point  V  is

equal  to  the  ratio  PC 2  /  CD 2  about  point  C  ,  as  required  above.

[2-K]  and  QV 2to  QX 2as,  say  ,  M  to  N;;

The  ratio  M  /  N  is  simply  a  definition  of  the  ratio  of  QV  /  QX  ,  a  step  that  Newton  eliminates  in  the

1687  edition  of  the  Principia  .

[2-L]  and  QX 2is  to  QT 2as  EP 2to  PF 2  ,

―  113  ―

Figure  5.11

The  shaded  area  CEP    from  the  ellipse  above  is  abstracted  as  the  similar  triangles

PXV    and  BEC    below.  The  parallelogram  QRPX    from  the  ellipse  is  shown  enlarged

below.

The  second  element  of  the  discriminate  ratio  QT 2  is  now  introduced.  Because  triangle  EPF  is

similar  to  triangle  XQT  (see  fig.  5.13),  the  ratio  of  similar  sides  gives  the  ratio  QX  /  QT  =  EP  /  PF  .

Similarity:  Lines  QX  and  EF  are  parallel  lines  cut  by  the  transversal  EP  ,  as  demonstrated  in  the

small  drawing  abstracted  from  the  full  drawing  in  figure  5.13.  Thus,  angles  PEF  and  QXT  are  equal,  as

are  the  right  angles  EFP  and  XQT  .  Thus,  all  the  angles  of  triangles  EPF  and  XQT  are  equal  and  the

triangles  are  similar.

Thus,  QX  /  QT  =  EP  /  PF  and  as  given  above,  QX 2  /  QT 2  =  EP 2  /  PF   2  .

―  114  ―

2: PE = AC      Why?    “clearly” 
∆SIH ~ ∆SEC     CS = CH (foci)   
SE = EI   PE = (PS + PI)/2 = (PS + PH)/2 

Figure  5.9
The  triangle  SIH    below  is  abstracted  from  the  shaded  area  of  the
ellipse  above.  Line  EC    is  parallel  to  line  IH    and  thus  triangles  SEC

and  SIH    are  similar.

QT2  ×  SP2  approaches  1  /  (L  ×  SP2  ).  The  force,  therefore,  is  inversely  proportional  to  the  square
of  the  distance  SP  ,  as  was  to  be  demonstrated.  What  follows  is  a  detailed  analysis  of  Newton's
demonstration  of  the  solution.

[2-B]  It  is  clear  that  EP  is  equal  to  the  semi-major  axis  AC,

At  least  it  will  be  "clear"  that  EP  =  AC  after  Newton's  demonstration  in  the  next  three  steps  ([2-C]
to  [2-E]).  This  particular  relationship  for  an  ellipse,  EP  =  AC  ,  is  not  found  in  the  standard  works  on
conic  sections  and  appears  to  be  original  with  Newton.[4]

[2-C]  seeing  that,  when  from  the  other  focus  H  of  the  ellipse  the  line  HI  is  drawn  parallel  to  CE,  because  CS  and  CH  are
equal  ,  ES  and  EI  are  equal  .

Or,  ES  =  EI  .  The  lines  CS  and  CH  are  equal  because  they  both  locate  a  focus  (S  or  H  )  relative  to
the  center  C  .  The  equality  of  ES  and  EI  follows  from  the  similarity  of  triangles  SEC  and  SIH  and  the
equality  of  line  segments  CS  and  CH  (see  fig.  5.9).

―  111  ―

Figure  5.10
The  sum  (SP    +  PH  )  is  a  constant  for  any  given  ellipse,

3: (PV x VG)/QV2 = PC2/CD2 

Sub (2) and (3) in (1)  
 
QR = (QV2/VG).(PC2/CD2).(AC/PC) 
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Problem 3: Center in the focus of an ellipse (finally!) 

F ∝ QR/(SP2 x QT2) 

Find QT2 

1: ∆PEF ~ ∆QTX ∴ QT/QX = PF/PE 
     QT2 = QX2.(PF2/PE2) 

2: AC x BC = DC x PF 

Since PE = AC 
 
QT2 = QX2.(BC2/DC2)   

Figure  5.12

The  diameter  PG    bisects  the  chords  QQ  '  and

DK  .  From  Proposition  15  of  Book  1  of

Apollonius's  Conics  ,  the  ratio  of  PV    ×    VG    /  QV 2

is  equal  to  the  ratio  PC 2    /  DC 2  .

Figure  5.13

The  shaded  area  in  the  ellipse  is  abstracted  as  the  triangles    EPF    and  XQT  .  Since  the  lines

QX    and  EF    are  parallel,  the  triangles  are  similar.

[2-M]  that  is,  as  CA 2to  PF 2  ,  or  as  CD 2to  CB 2  .  [Finally,  that  is  ,  QX 2to  QT 2as  CD 2to  CB 2  .]

From  [2-B]  or  [2-E],  EP  =  CA  ,  thus  EP  /  PF  =  CA  /  PF  .  Also,  from  Lemma  1,  area  4(CA  )  (CB  )  =

area  4(CD  )  (PF  )  (see  fig.  5.14),  or  CA  /  PF  =  CD  /  CB  .  Thus,  from  [2-L]  QX  /  QT  =  EP  /  PF  =  CA  /  PF

=  CD  /CB  ,  which  can  be  written  in  the  square  as  in  line  [2-L]  (i.e.,  QX 2  /  QT   2  =  CD 2  /  CB 2  ).

―  115  ―

Figure  5.14

The  area  of  parallelogram  A  (=  4BC    ×  CA  )  is  equal  to  the  area  of  parallelogram  B

(=  4CD    ×  PF  ).

[2-N]  And  when  all  these  ratios  are  combined  ,  L  ×  QR  /  QT 2

Hypothesis  2.  Every  body  by  its  innate  force  alone  progresses  uniformly  along  a  straight  line  to  infinity  unless
something  impedes  it  from  outside  .

Following  Descartes,  Newton  states  that  motion  free  from  an  external  force  (i.e.,  motion  subject
only  to  "innate  force")  takes  place  at  a  uniform  rate  along  an  infinite  straight  line.  An  enlarged  version
of  this  statement  appears  as  the  first  law  of  motion  in  the  Principia  .[15]

Hypothesis  3.  A  body,  in  a  given  time,  with  forces  having  been  conjoined,  is  carried  to  the  place  where  it  is  carried  by
separated  forces  in  successively  equal  times  .

This  rule  for  the  combination  of  displacements  as  a  measure  of  forces  was  implicit  in  Newton's
pre-1665  analysis  of  circular  motion  but  is  made  explicit  here.  Although  Newton  gives  it  as  a
hypothesis  in  On  Motion  ,  in  the  first  revision  of  the  tract  Newton  adds  a  demonstration  and  promotes
the  hypothesis  to  the  status  of  a  lemma.[16]

―  76  ―

Figure  4.1
The  area  of  parallelogram  A  is  equal  to  the  area  of  parallelogram  B  (Proposition  31,

Book  7,  of  the  Conics    of  Apollonius  of  Perga).

Hypothesis  4.  The  space  which  a  body,  with  some  centripetal  force  impelling  it,  describes  at  the  very  beginning  of  its
motion,  is  in  the  doubled  ratio  of  the  time  .

This  relationship  is  critical  to  all  of  Newton's  analysis  of  action  under  a  continuous  centripetal
force.  It  is  the  very  core  of  his  analysis;;  yet  it  is  given  here  very  simply  and  with  little  explanation.
This  hypothesis  will  be  revised  by  the  addition  of  a  demonstration,  and  it  also  will  be  promoted  to  the
status  of  a  lemma.

Lemmas

Lemma  1.  All  parallelograms  described  around  a  given  ellipse  are  equal  to  each  other.  This  is  established  from  the
Conics.

This  lemma  is  demonstrated  in  Book  7,  Proposition  31  in  the  Conics  of  Apollonius  of  Perga  (c.  262–c.
200  B.C.  );;  see  figure  4.1.[17]  The  area  of  the  circumscribed  parallelogram  A  is  2PC  ×  DK  ,  and  it  is
equal  to  the  area  of  the  circumscribed  parallelogram  B  ,  which  is  2PF  ×  DK  .  It  is  important  to  note  in
parallelogram  B  that  PF  is  the  normal  to  DK  ,  while  in  parallelogram  A  that  PC  is  the  normal  to  DK  .
The  sides  of  parallelogram  B  are  tangent  to  the  ellipse  at  points  P  and  D  ,  where  DK  is  constructed
parallel  to  the  line  tangent  at  point  P  .  This  relationship  will  appear  as  Lemma  12  in  the  Principia  ,
where  it  is  employed  in  the  solution  of  the  direct  Kepler  problem.

Lemma  2.  Quantities  proportional  to  their  differences  are  continuously  proportional.  Set  A:  (A  –  B)  =  B:  (B  –  C)  =  C:  (C
–  D)  =  .  .  .  and  by  dividing  there  will  be  produced  A:B  =  B:C  =  C:D  =  .  .  .

This  lemma  has  application  only  to  motion  in  a  resistive  medium,  a  topic  which  does  not  appear  in
the  first  three  sections  of  Book  One  of  the  Principia  .

―  77  ―
Following  the  completion  of  the  draft  of  On  Motion  of  Bodies  in  Orbit  (or  simply  On  Motion  )  that  was
sent  to  Halley,  and  hence  to  the  Royal  Society,  Newton  produced  a  slightly  enlarged  version  of  the
tract,  entitled  On  the  Motion  of  Spherical  Bodies  in  Fluids  .[18]  The  body  of  the  tract,  which  supplied

QR/QT2 = (QV2/QX2).(VG/PC)(AC/BC2) 

From the definition of the constant latus rectum L = 2BC2/AC  

QR/QT2 = (QV2/QX2).(PC/VG)(2/L) 

R è P        QV è QX      VG è 2PC  

QR/QT2 = (1/L) which is a constant! 

F(r) ∝ 1/r2 
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•  In theorem 2, I do not understand why it is square? I cannot see why BC^2/CF 
makes more sense then BC/CF. And I cannot see why BC^2/CF can be written 
as BD^2/½CF. 

Questions for discussion 
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Theorem 2: Centripetal force ∝ arc2/R 

 
 
 
 

 

 

 
 

 
 
 
 
 

 
 
 
 
 
 

C1: F1/F2 = (v1
2/r1)/(v2

2/r2)   

C2: F1/F2 = (T2
2/r2)/(T1

2/r1)   

C3: If  T2
2/r2 = T1

2/r1  then F1= F2 

C4: If  T2
2/r2

2
 = T1

2/r1
2

  then F1/F2 = r2/r1    

C5: If  T2
2/r2

3
 = T1

2/r1
3

  then F1/F2 = r2
2/r1

2
    

Corollary  2.  And  reciprocally  as  the  squares  of  the  periodic  times  divided  by  the  radii  of  the  circles  .

Or,  F1  /  F2=  (T22/  r2  )  /  (T12/  r1  ).  The  tangential  speed  v  =  circumference  /  period  =  2pr  /  T  ,
thus,  v2  /  r  =  4p  2  (r  /  T  )2  /  r  .  From  Corollary  1,  F  1  /

―  89  ―

Figure  4.11A
From  Proposition  36  of  Book  3  of  Euclid's
Elements  ,  one  has    CD  /  BC  =  BC  /  CF  .

Figure  4.11B
In  the  diagram  for  Theorem  2,  one  has
CD  /  BC  =  BC  /  CF    or  the  deviation

CD  =  BC2    /  CF.

Figure  4.12
As  the  point  D    approaches  the  point  B  ,  the  line  CF

approaches  the  diameter  2SB  .

F2  =  (v12  /  r1  )  /  (v22  /  r2  ),  which  becomes  (4p2  (r1  /  T1  )2  /  r1  )  /  (4p2  (r2  /T  2  )2  /r2  )  =  (r  1  /
T12  )  /  (r  2  /T22  )  =  (T  22  /  r2  )  /  (T  12  /r1  ),  or  the  force  is  reciprocally  proportional  to  the  squares  of
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Figure  4.11A
From  Proposition  36  of  Book  3  of  Euclid's
Elements  ,  one  has    CD  /  BC  =  BC  /  CF  .

Figure  4.11B
In  the  diagram  for  Theorem  2,  one  has
CD  /  BC  =  BC  /  CF    or  the  deviation

CD  =  BC2    /  CF.

Figure  4.12
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F2  =  (v12  /  r1  )  /  (v22  /  r2  ),  which  becomes  (4p2  (r1  /  T1  )2  /  r1  )  /  (4p2  (r2  /T  2  )2  /r2  )  =  (r  1  /
T12  )  /  (r  2  /T22  )  =  (T  22  /  r2  )  /  (T  12  /r1  ),  or  the  force  is  reciprocally  proportional  to  the  squares  of
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•  In theorem 2, I do not understand why it is square? I cannot see why BC^2/CF 
makes more sense then BC/CF. And I cannot see why BC^2/CF can be written 
as BD^2/½CF. 

 
•  It seems that many of Newton’s formulations emerge from the idea that we 

can take motion, divide into small time steps, sum it all up (integrate) and 
voilá we have a model describing something continuous. Was this widely 
accepted as a method of derivation in the 1680’s? 

 
•  I understand that this piece of work is prior to Newton's Principia, but I can't 

help to question why Newton uses lines and points to derive his theorems. 
Why is a vector (force vector) not used for these tasks? The force vector does 
not exist at this time? 

 
•  I would like to know if this paper was written before the term force defined or 

not? Or is this paper the origin of the definition of force (F=m*a)? 
 

Questions for discussion 
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•  Why are the algebraic statements in his theorems and hypotheses not written 
in algebraic notation? 

 
•  Was he only interested in the proportionality relations or were the actual 

constants, equations and units also a priority for him as well? 
 
•  How much of physics is at Newton’s time in history is actually mathematical? 

•  His scholium in the paragraph after theorem 4. I do not understand it... Is he 
trying to say that we need loads of empiric data to be able to say something 
quantitative about some system? (I mean; if we only take a snapshot of all the 
heavenly bodies in our solar system, we have no idea which orbit they have. 
We need to have some historical data (some knowledge of its circle arc) in 
order to be able to predict the planetary motion.) 

Questions for discussion 
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End of module feedback 

•  Please go to b.socrative.com (student login)  

•  Enter the HISPHYSKU room 

•  Fill out the short (anonymous) survey 

•  Tak skal du have! 

 
P.S.: Remember to think about the topic for your seminar!  
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