
THEORY OF HEAT.
FA ignem regunt numeri.—PLATO1.

CHAPTER I.

INTRODUCTION.

FIRST SECTION.

Statement of the Object of the Work

1. THE effects of heat are subject to constant laws which
cannot be discovered without the aid of mathematical analysis.
The object of the theory which we are about to explain is to
demonstrate these laws; it reduces all physical researches on
the propagation of heat, to problems of the integral calculus
whose elements are given by experiment. No subject has more
extensive relations with the progress of industry and the natural
sciences; for the action of heat is always present, it penetrates
all bodies and spaces, it influences the processes of the arts,
and occurs in all the phenomena of the universe.

When heat is unequally distributed among the different parts
of a solid mass, it tends to attain equilibrium, and passes slowly
from the parts which are more heated to those which are less;
and at the same time it is dissipated at the surface, and lost
in the medium or in the void. The tendency to uniform dis-
tribution and the spontaneous emission which acts at the surface
of bodies, change continually the temperature at their different
points. The problem of the propagation of heat consists in

1 Cf. Plato, Timaus, 53, B.
Sre 5' eirexeLpelro KO a/Mia Oat TO vdv, Tvp Trpurov KOX yrju /cat depa Kal vdwp
-xwcLTio-aTo .[6 6ecs] ddeal re /cat dpidfxo?s. [A. F.]
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CH. I. SECT. I.] INTRODUCTION. 15

determining what is the temperature at each point of a body
at a given instant, supposing that the initial temperatures are
known. The following examples will more clearly make known
the nature of these problems.

2. If we expose to the continued and uniform action of a
source of heat, the same part of a metallic ring, whose diameter
is large, the molecules nearest to the source will be first heated,
and, after a certain time, every point of the solid will have
acquired very nearly the highest temperature which it can attain.
This limit or greatest temperature is not the same at different
points; it becomes less and less according as they become more
distant from that point at which the source of heat is directly
applied.

When the temperatures have become permanent, the source
of heat supplies, at each instant, a quantity of heat which exactly
compensates for that which is dissipated at all the points of the
external surface of the ring.

If now the source be suppressed, heat will continue to be
propagated in the interior of the solid, but that which is lost
in the medium or the void, will no longer be compensated as
formerly by the supply from the source, so that all the tempe-
ratures will vary and diminish incessantly until they have be-
come equal to the temperatures of the surrounding medium.

3. Whilst the temperatures are permanent and the source
remains, if at every point of the mean circumference of the rino-
an ordinate be raised perpendicular to the plane of the ring,
whose length is proportional to the fixed temperature at that
point, the curved line which passes through the ends of these
ordinates will represent the permanent state of the temperatures,
and it is very easy to determine by analysis the nature of this
line. It is to be remarked that the thickness of the ring is
supposed to be sufficiently small for the temperature to be
sensibly equal at all points of the same section perpendicular
to the mean circumference. When the source is removed, the
line which bounds the ordinates proportional to the temperatures
at the different points will change its form continually. The
problem consists in expressing, by one equation, the variable
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16 THEOKY OF HEAT. [CHAP. I.

form of this curve, and in thus including in a single formula
all the successive states of the solid.

4. Let z be the constant temperature at a point m of the
mean circumference, x the distance of this point from the source,
that is to say the length of the arc of the mean circumference,
included between the point m and the point o wdiich corresponds
to the position of the source; z is the highest temperature
which the point m.can attain by virtue of the constant action
of the source, and this permanent temperature z is a function
f{x) of the distance x. The first part of the problem consists
in determining the function f(x) which represents the permanent
state of the solid.

Consider next the variable state which succeeds to the former
state as soon as the source has been removed ; denote by t the
time which has passed since the suppression of the source, and
by v the value of the temperature at the point m after the
time t. The quantity v will be a certain function F (x, t) of
the distance x and the time t; the object of the problem is to
discover this function F (x, t), of which we only know as yet
that the initial value is f (x)9 so that we ought to have the
equation / (.r) = F (x, o).

5. If we place a solid homogeneous mass, having the form
of a sphere or cube, in a medium maintained at a constant tem-
perature, and if it remains immersed for a very long time, it will
acquire at all its points a temperature differing very little from
that of the fluid. Suppose the mass to be withdrawn in order
to transfer it to a cooler medium, heat will begin to be dissi-
pated at its surface; the temperatures at different points of the
mass will not be sensibly the same, and if we suppose it divided
into an infinity of layers by surfaces parallel to its external sur-
face, each of those layers will transmit, at each instant, a certain
quantity of heat to the layer which surrounds it. If it be
imagined that each molecule carries a separate thermometer,
which indicates its temperature at every instant, the state of
the solid will from time to time be represented by the variable
system of all these thermometric heights. It is required to
express the successive states by analytical formula?, so that we
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SECT. I.] INTRODUCTION. 17

may know at any given instant the temperatures indicated by
each thermometer, and compare the quantities of heat which
flow during the same instant, between two adjacent layers, or
into the surrounding medium.

6. If the mass is spherical, and we denote by x the distance
of a point of this mass from the centre of the sphere, by t the
time which has elapsed since the commencement of the cooling,
and by v the variable temperature of the point m, it is easy to see
that all points situated at the same distance x from the centre
of the sphere have the same temperature v. This quantity v is a
certain function F (x, t) of the radius x and of the time t; it must
be such that it becomes constant whatever be the value of x, when
we suppose t to be nothing ; for by hypothesis, the temperature at
all points is the same at the moment of emersion. The problem
consists in determining that function of x and t which expresses
the value of v.

7. In the next place it is to be remarked, that during the
cooling, a certain quantity of heat escapes, at each instant, through
the external surface, and passes into the medium. The value of
this quantity is not constant; it is greatest at the beginning of the
cooling. If however we consider the variable state of the internal
spherical surface whose radius is x, we easily see that there must
be at each instant a certain quantity of heat which traverses that
surface, and passes through that part of the mass which is more
distant from the centre. This continuous flow of heat is variable
like that through the external surface, and both are quantities
comparable with each other; their ratios are numbers whose vary-
ing values are functions of the distance x, and of the time t which
has elapsed. It is required to determine these functions.

8. If the mass, which has been heated by a long immersion in
a medium, and whose rate of cooling we wish to calculate, is
of cubical form, and if we determine the position of each point m by
three rectangular co-ordinates x, y, z, taking for origin the centre
of the cube, and for axes lines perpendicular to the faces, we see
that the temperature v of the point m after the time t, is a func-
tion of the four variables x, y, z, and t The quantities ^ of heat

F. H.
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18 THEORY OF HEAT. [CHAP. I.

which flow out at each instant through the whole external surface
of the solid, are variable and comparable with each other; their
ratios are analytical functions depending on the time t, the expres-
sion of which must be assigned.

9. Let us examine also the case in which a rectangular prism
of sufficiently great thickness and of infinite length, being sub-
mitted at its extremity to a constant temperature, whilst the air,
which surrounds it is maintained at a less temperature, has at last
arrived at a fixed state which it is required to determine. All the
points of the extreme section at the base of the prism have, by
hypothesis, a common and permanent temperature. I t is not the
same with a section distant from the source of heat; each of the
points of this rectangular surface parallel to the base has acquired
a fixed temperature, but this is not the same at different points of
the same section, and must be less at points nearer to the surface
exposed to the air. We see also that, at each instant, there flows
across a given section a certain quantity of heat, which always
remains the same, since the state of the solid has become constant.
The problem consists in determining the permanent temperature
at any given point of the solid, and the whole quantity of heat
which, in a definite time, flows across a section whose position is
given.

10. Take as origin of co-ordinates x, y, zy the centre of the
base of the prism, and as rectangular axes, the axis of the prism
itself, and the two perpendiculars on the sides: the permanent
temperature v of the point m, whose co-ordinates are x} y, z, is
a function of three variables F (#, y, z): it has by hypothesis a
constant value, when we suppose x nothing, whatever be the values
of y and z. Suppose we take for the unit of heat that quantity
which in the unit of time would emerge from an area equal to a
unit of surface, if the heated mass which that area bounds, and
which is formed of the same substance as the prism, were continu-
ally maintained at the temperature of boiling water, and immersed
in atmospheric air maintained at the temperature of melting ice.

We see that the quantity of heat which, in the permanent
state of the rectangular prism, flows, during a unit of time, across
a certain section perpendicular to the axis, has a determinate ratio
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SECT. I.] INTRODUCTION. 19

to the quantity of heat taken as unit. This ratio is not the same
for all sections: it is a function <£ (#) of the distance oc, at which
the section is situated. It is required to find an analytical expres-
sion of the function <£ Qv).

11. The foregoing examples suffice to give an exact idea of
the different problems which we have discussed.

The solution of these problems has made us understand that
the effects of the propagation of heat depend in the case of every
solid substance, on three elementary qualities, which are, its capa-
city for heat, its own conducibility, and th£ exterior conducibility.

It has been observed that if two bodies of the same volume
and of different nature have equal temperatures, and if the same
quantity of heat be added to them, the increments of temperature
are not the same; the ratio of these increments is the ratio of
their capacities for heat. In this manner, the first of the three
specific elements which regulate the action of heat is exactly
defined, and physicists have for a long time known several methods
of determining its value. It is not the same with the two others;
their effects have often been observed, but there is but one exact
theory which can fairly distinguish, define, and measure them
with precision.

The proper or interior conducibility of a body expresses the
facility with which heat is propagated in passing from one internal
molecule to another. The external or relative conducibility of a
solid body depends on the facility with which heat penetrates the
surface, and passes from this body into a given medium, or passes
from the medium into the solid. The last property is modified by
the more or less polished state of the surface ; it varies also accord-
ing to the medium in which the body is immersed ; but the
interior conducibility can change only with the nature of the
solid.

These three elementary qualities are represented in our
formulae by constant numbers, and the theory itself indicates
experiments suitable for measuring their valijes. As soon as they
are determined, all the problems relating to the propagation of
heat depend only on numerical analysis. The knowledge of these
specific properties may be directly useful in several applications of
the physical sciences; it is besides an element in the study and

2—2
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20 THEORY OF HEAT. [CHAP. I.

description of different substances. It is a very imperfect know-
ledge of bodies which ignores the relations which they have with
one of the chief agents of nature. In general, there is no mathe-
matical theory which has a closer relation than this with public
economy, since it serves to give clearness and perfection to the
practice of the numerous arts which are founded on the employ-
ment of heat.

12. The problem of the terrestrial temperatures presents
one of the most beautiful applications of the theory of heat; the
general idea to be formed of it is this. Different parts of the
surface of the globe are unequally exposed to the influence of the
solar rays; the intensity of their action depends on the latitude of
the place; it changes also in the course of the day and in the
course of the year, and is subject to other less perceptible in-
equalities. It is evident that, between the variable state of the
surface and that of the internal temperatures, a necessary relation
exists, which may be derived from theory. We know that, at a
certain depth below the surface of the earth, the temperature at a
given place experiences no annual variation: this permanent
underground temperature becomes less and less according as the
place is more and more distant from the equator. We may then
leave out of consideration the exterior envelope, the thickness of
which is incomparably small with respect to the earth's radius,
and regard our planet as a nearly spherical mass, whose surface
is subject to a temperature which remains constant at all points
on a given parallel, but is not the same on another parallel. It
follows from this that every internal molecule has also a fixed tem-
perature determined by its position. The mathematical problem
consists in discovering the fixed temperature at any given point,
and the law which the solar heat follows whilst penetrating the
interior of the earth.

This diversity of temperature interests us still more, if we
consider the changes which succeed each other in the envelope
itself on the surface of which we dwell. Those alternations of
heat and cold which are reproduced everyday and in the course of
every year, have been up to the present time the object of repeated
observations. These we can now submit to calculation, and from
a common theory derive all the particular facts which experience
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5G THEORY OF HEAT. [CHAP. I.

- K —, if we derive from the general equation the value of
dz

T which is constant; this uniform flow may always be repre-dz
sented, for a given substance and in the solid under examination,
by the tangent of the angle included between the perpendicular
e and the straight line whose ordinates represent the tempera-
tures.

3rd. One of the extreme surfaces of the solid being submitted
always to the temperature a, if the other plane is exposed to air
maintained at a fixed temperature b; the plane in contact with
the air acquires, as in the preceding case, a fixed temperature f}9
greater than b, and it permits a quantity of heat to escape into
the air across unit of surface, during unit of time, which is ex-
pressed by A(/3 — 5), h denoting the external conducibility of
the plane.

The same flow of heat h(/3 — b) is equal to that which
traverses the prism and whose value is K (a — /3); we have there-
fore the equation h(J3 — b) = K , which gives the value
of /3.

SECTION V.

Law of the permanent temperatures in a prism of small
thickness.

73. We shall easily apply the principles which have just
been explained to the following problem, very simple in itself,
but one whose solution it is important to base on exact theory.

A metal bar, whose form is that of a rectangular parallelo-
piped infinite in length, is exposed to the action of a source of
heat which produces a constant temperature at all points of its
extremity A. It is required to determine the fixed temperatures
at the different sections of the bar.

The section perpendicular to the axis is supposed to be a
square whose side % is so small that we may without sensible
error consider the temperatures to be equal at different points
of the same section. The air in which the bar is placed is main-
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SECT. V.] STEADY .TEMPERATURE IN A BAR. 57

tained at a constant temperature 0, and carried away by a
current with uniform velocity.

Within the interior of the solid, heat will pass successively
all the parts situate to the right of the source, and not exposed
directly to its action; they will be heated more and more, but
the temperature of each point will not increase beyond a certain
limit. This maximum temperature is not the same for every
section; it in general decreases as the distance of the section
from the origin increases : we shall denote by v the fixed tem-
perature of a section perpendicular to the axis, and situate at a
distance x from the origin A.

Before every point of the solid has attained its highest degree
of heat, the system of temperatures varies continually, and ap-
proaches more and more to a fixed state, which is that which
we consider. This final state is kept up of itself when it has
once been formed. In order that the system of temperatures
may be permanent, it is necessary that the quantity of heat
which, during unit of time, crosses a section made at a distance x
from the origin, should balance exactly all the heat which, during
the same time, escapes through that part of the external surface
of the prism which is situated to the right of the same section.
The lamina whose thickness is dx, and whose external surface
is 8ldx, allows the escape into the air, during unit of time, of
a quantity of beat expressed by Shlv. dx, h being the measure of
the external conducibility of the prism. Hence taking the in-
tegral jShlv . dx from x = 0 to x = oo , we shall find the quantity
of heat which escapes from the whole surface of the bar during
unit of time ; and if we take the same integral from x = 0 to
x = x, we shall have the quantity of heat lost through the part
of the surface included between the source of heat and the section
made at the distance x. Denoting the first integral by (7, whose
value is constant, and the variable value of the second by
jShlv.dx; the difference O-fShlv.dx will express the whole
quantity of heat which escapes into the air across the part of
the surface situate to the right of the section. On the other
hand, the lamina of the solid, enclosed between two sections
infinitely near at distances x and x + dx, must resemble an in-
finite solid, bounded by two parallel planes, subject to fixed
temperatures v and v + dvy since, by hypothesis, the temperature
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58 THEORY OF HEAT. [CHAP. I.

does not vary throughout the whole extent of the same section.
The thickness of the solid is dx, and the area of the section is
U2: hence the quantity of heat which flows uniformly, during
unit of time, across a section of this solid, is, according to the
preceding principles, -4 f&^- , k being the specific internal con-

&X
ducibility: we must therefore have the equation

dx

whence hi -y-2
dx

74. We should obtain the same result by considering the
equilibrium of heat in a single lamina infinitely thin, enclosed
between two sections at distances x and x + dx. In fact, the
quantity of heat which, during unit of time, crosses the first

section situate at distance x, is — 4d2k -j- . To find that which
dx

flows during the same time across the successive section situate
at distance x + dx, we must in the preceding expression change x
into x + dx. which gives — il2k.\-y- + d(-T-)\. If we subtract& \_dx \dxjj
the second expression from the first we shall find how much
heat is acquired by the lamina bounded by these two sections
during unit of time; and since the state of the lamina is per-
manent, it follows that all the heat acquired is dispersed into
the air across the external surface Sldx of the same lamina: now
the last quantity of heat is Shlvdx: we shall obtain therefore the
same equation

O7 7 7 i 7 2 7 7 fdv\ T CP# 2Jl
ofdvdx = 4*1 fed - , - , whence -=—9 = -—- v.\dxj dx kl

75. In whatever manner this equation is formed, it is
necessary to remark that the quantity of heat which passes into
the lamina whose thickness is dx, has a finite value, and that
its exact expression is —^fk-j-. The lamina being enclosed
between two surfaces the first of which has a temperature v,
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SECT. V.] STEADY TEMPERATURE IN A BAR. 59

and the second a lower temperature v', we see that the quantity
of heat which it receives through the first surface depends on
the difference v - v, and is proportional to i t : but this remark
is not sufficient to complete the calculation. The quantity in
question is not a differential: it has a finite value, since it is
equivalent to all the heat which escapes through that' part of
the external surface of the prism which is situate to the right
of the section. To form an exact idea of it, we must compare
the lamina whose thickness is dx, with a solid terminated by
two parallel planes whose distance is e, and which are maintained
at unequal temperatures a and b. The quantity of heat which
passes into such a prism across the hottest surface, is in fact
proportional to the difference a - J of the extreme temperatures,
but it does not depend only on this difference : all other things
being equal, it is less when the prism is thicker, and in general

it is proportional to . This is why the quantity of heat

which passes through the first surface into the lamina, whose

thickness is dx, is proportional to —,— .

We lay stress on this remark because the neglect of it has
been the first obstacle to the establishment of tlie theory. If
we did not make a complete analysis of the elements of the
problem, we should obtain an equation not homogeneous, and,
a fortiori, we should not be able to form tlie equations which
express the movement of heat in more complex cases.

It was necessary also to introduce into the calculation the
dimensions of the prism, in order that we might not regard, as
general, consequences which observation had furnished in a par-
ticular case. Thus, it was discovered by experiment that a bar
of iron, heated at one extremity, could not acquire, at a distance
of six feet from the source, a temperature of one degree (octo-
gesimal1); for to produce this effect, it would be necessary for
the heat of the source to surpass considerably the point of fusion
of iron; but this result depends on the thickness of the prism
employed. If it had been greater, the heat would have been
propagated to a greater distance, that is to say, the point of
the bar which acquires a fixed temperature of one degree is

1 Reaumur's Scale of Temperature. [A. F.]
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60 THEORY OF HEAT. [CHAP. I.

much more remote from the source when the bar is thicker, all
other conditions remaining the same. We can always raise by
one degree the temperature of one end of a bar of iron, by heating
the solid at the other end; we need only give the radius of the
base a sufficient length: which is, we may say, evident, and
of which besides a proof will be found in the solution of the
problem (Art. 78).

76. The integral of the preceding equation is
l-2h /fit

v = Ae~xsJ w + J ? e w « ,
A and B being two arbitrary constants ; now, if we suppose the
distance x infinite, t he value of the tempera tu re v must be

infinitely smal l ; hence the te rm Be"XNn does not exist in the in-
Jlk'

t eg ra l : thus the equation v = Ae~xsJ u represents the permanent
state of the solid ; the tempera ture a t the origin is denoted by
the constant A , since tha t is the value of v when x is zero.

This law according to which the tempera tures decrease
is the same as tha t given by e x p e r i m e n t ; several physicists
have observed the fixed tempera tures at different points of a
metal bar exposed at its extremity to t he constant action of a
source of heat, and they have ascertained t ha t the distances
from the origin represent logarithms, and the temperatures the
corresponding numbers.

77.' The numerical value of the constant quot ient of two con-
secutive temperatures being determined by observation, we easily

deduce the value of the ratio p for, denoting by vv v^ the tem-

peratures corresponding to the distances x19 cc2, we have

v2 V k oo2-x1
 y '

As for the separate values of h and k, they cannot be deter-
mined by experiments of this kind: we must observe also the
varying motion of heat.

78. Suppose two bars of the same material and different
dimensions to be submitted at their extremities to the same tem-
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