
Module 10a
Matrix mechanics
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kiinstlich ist und da~ die 0perationen der linken Seite von (6) das 
naturgemille Analogon zum Differentialquotienten der klassischen Theorie 
darstellen. Es ist fiir die Formulierung der kanonisehen Gleichungen 
wichtig, festzustellen, dall flit die Energiefunktion ] ' ] (pq )  die beiden 
Arten (3) und (4) der Differentiation identisch werden 1). 

IV. Das Rechnen mit  den quantentheoretischen GrN]en wiirde wegen 
der Iqichtgiiltigkeit des kommutat iven Gesetzes der Multiplikation in 
gewissem Sinne nnbestimmt bleiben, wenn nieht tier Wer t  yon p q - -  q p  
vorgeschrieben wtirde ~). Wir  ftihren daher als fundamentale quanten- 
meehanische Relation ein: 

h 
P q - - q P =  2 ~ 1 '  (5) 

Au~ die korrespondenzma$ig-physikalische Bedeutung dieser Relation 
werden wir sparer zu sprechen kommen. An dieser Stelle scheint es uns 
wiehtig, hervorzuheben, dal~ Gleichung (5), Kap. 1, die einzige miter 
den Grundgleichungen der bier versuehten Quantenmechanik ist, in welchen 
die P l a n c k s e h e  Konstante h vorkommt. Es ist befrledigend, daI~ die 
Konstante h an dieser Stelle schon in so einfacher Form in die Grand- 
lagen der Theorie eingeht; aul~erdem erkennt man aus (5), Kap. 1, da$ 
die neue Theorie im Limes h : 0 in die klassische iibergehen diirfte, 
wie es physikalisch gefordert werden muir. 

1) In der Tat wurden ja ffir die Energiefunktion H in Tell I nicht irgend- 
welche 1%nktionen etwa der Form 

I']* : -  ~ asrpS q r 

zUgelassen, sondern durch symmetrisierte Funktionen ersetzt, die zu denselben 
Hamiltonschen Gleichungen Anlafl gaben: 

1 ~ p~--~qrp~. 
H =  ~ a, r s + 1~=0 

Fiir diese symmetrisierten Funktionen H aber gilt nach den in Teil I abgeleiteten 
Formeln 

1 Is--1 s i 

I 
,--i 5H 

= ~ as r ~ pS--l--lqrp~ = 
l ~ o  

r -1  ~ H  5 I"[ r s p.~--lqr--ipl ~ qr-- l -- jpSqj  = 
l : O  j = 0  

~) Die Bewegangsgleichungen lassen lodiglich erkennen, daft diese Differenz 
eine Diagonalmatrix sein muff. 
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Relax!

“I have tried several times to read the paper that Heisenberg wrote
returning from Helgoland, and, although I think I understand quantum
mechanics, I have never understood Heisenberg׳s motivations for the
mathematical steps in his paper.” (Steven Weinberg)
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Phenomena: Matter and radiation

By	McZusatz https://commons.wikimedia.org/w/index.php?curid=26471554

hydrogen

helium

Spectral Lines

Zeeman effect 

1. Unsettled Questions of Atomic Physics.

A.  The Zeeman effect and number mysteries.

• 1896:  Zeeman observes a splitting of the doublet in the spectrum

of a sodium atom in the presence of a weak magnetic field.

Pieter Zeeman

The Zeeman effect:

A splitting of the line spectra of

an atom in a weak magnetic field.

double spectral lines (doublet)
in absence of magnetic field...

...split into many more lines
in presence of magnetic field.

1515.. Crafting the Quantum:  Crafting the Quantum:  ChapChap  7, Conclusion.7, Conclusion.
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The Correspondence Principle (TCP)

TCP2: The transition probabilities (amplitudes) between quantum states 
correspond to the Fourier coefficients of the electron orbit (for large n)

Bohr model 
(1913)

The electron motion is no longer the cause of radiation

TCP1: For large n, one should obtain classical (EM) theory

Is it possible to (somehow) relate the electron’s motion with radiation?

Fourier series

(Bohr 1918) 

Says nothing about the intensity of the radiation
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Goal: Determine the lines’ amplitudes (transition probabilities) 

© 1924 Nature Publishing Group

© 1924 Nature Publishing Group
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Virtual Oscillators and Dispersion Theory
Virtual Oscillators X Bohr’s model (Kramers 1924)

- 𝜈#	and 𝜈%	are the absorption and emission frequencies

- 𝑓#	and 𝑓% are the absorption and emission coefficients, 
which are proportional to the Einstein (1917) coefficients

Classical, does not obey TCP 

In agreement with TCP 

© 1924 Nature Publishing Group

Kramers dispersion formula

© 1924 Nature Publishing Group

On Bohr’s principle of correspondence, the possibility for such transitions is considered
as being directly connected with the periodicity properties of the motion of the atom, in
such a way that every possible transition between two stationary states is conjugated
with a certain harmonic oscillating component in the motion.
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Virtual Oscillators and Dispersion Theory

Kramers & Heisenberg (Jan 1925)
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D i e  I n t e n s i t ~ t  
d e r  M e h r f a c h l i n i e n  u n d  i h r e r  Z e e m a n k o m p o n e n t e n .  

Yon A. Sommerfeld und W. Heisenberg in Miinchen. 
Mit zwel Abbildungen. (Eingegangen am 26. August 1922.) 

Das Korrespondenzprinzip gestattet, wie bekannt, aus dem kine- 
matisohen Charakter der Atombahnen auf die Intensit~it der Spektral- 
linien zu sehlie~en, die dem Weehsel der Atombahnen entspringen. 
Der kinematische Charakter einer Atombahn ist qualitativ bekannt, 
wenn die sie charakterisierenden Quantenzahlen festgestellt sind. Die 
letztero Aufgabe daft  heutzutage fiir grol~e Gruppen yon Spektral- 
linien als gel6st gelten, nicht nur flit Einfachlinien, sondern aueh ffir 
Mehrfachlinien (Dubletts, Tripletts, allgemein ,Multipletts") und ihre 
magnetisehen Aufspaltungen (die anomalen Zeemankomponenten). 

Fiir die Einfachterme genfigen zwei Quantenzahlen, die t t a u p t -  
q u a n t e n z a h l  n (wit benutzen B o h r s  Bezeiehnungen), welehe die 
Laufzahl des Serienterms bestimmt, und die a z i m u t a l e  Q u a n t e n -  
z a h l  /~, welche die verschiedenen Serienterme unterscheidet (k ~ 1: 
s-Term, k ~--- 2: p-Term, ~ ~ 3: d-Term, k - -  4: b-Term). Alle Be- 
miihungen der Spektroskopiker um die Serienordnung der Linien 
zielten, schon vor der Quantentheorie der Serienspektra, unbewuBter 
Welse auf die Feststellung dieser beiden Quantenzahlen. Ffir die 
M e h r f a e h t e r m e k o m m t  die i n h e r e  Q u a n t e n z a h l j  hinzu, welehe 
die natiirlichen Aufspaltungen eines Terms, z. B. die drei Niveaus 
eines Tripletts,  voneinander unterscheidet. Aueh die Bestimmung 
dieser inneren Quantenzahl ist heutzutage fiir viele Klassen yon 
Mehrfaehtermen gesiehert. Die dureh ein iiuBeres Magnetfeld hervor- 
gerufenen Zeemanaufspaltungen schliel~lich werden durch eine vierte, 
die m a g n e t i s c h e  Q u a n t e n z a h l  m unterschieden; und die formale 
Theorie, die L a n d d  ffir die Zeemanterlne aufgestellt hat, bestimmt 
die ~Verte yon m innerhalb des einzelnen Zeemanschen  Zerlegungs- 
bildes. 

Die kinematische Bedeutung dieser Quantenzahlen ist die fol- 
gende: n eharakterisiert (mittels des in n enthaltenen Radialquantums) 
die B a h n f o r m  des ~iuBeren Elektrons (,,Serienelektrons"), wobei 

~ k, kurz gesagt, eine Kreisbahn, n > k eine Ellipsenbahn be- 
deutet,  yon um so gr6~erer ExzentrizitRt, je gr6~er n - - k  ist. Der 
Quantenzahl k andererseits ist kinematiseh ein U m l a u f  des  P e r i h e l s  
d e r  B a h n e l l i p s e  in der Ebene derselben zugeordnet. Die I~ormale 
zu dieser Ebene, um welehe das Perihel fortsehreitend gedreht wird, 
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und ungeradzah|ige Spektren) nach demselben Schema behandeln 
k6nnen, w~hrend die genaue Modelltheorie sehr verschiedene Voraus- 
setzungen ffir beide maehen muG. Da Intensit~tsfragen wesentlich 
qualitative Fragen sind, wird es auf quantitative Einzelheiten vielfach 
nicht ankommen. Z. B. ist es nicht yon Belang, ob wir das Impuls- 
moment des Sel~enspektrums direkt gleich der azimutalen Quanten- 
zahl ~ oder gleieh k* ~ ~ -  1/~ setzen, wie es im FaUe der Dublett- 
systeme das yon H e i s e n b e r  g vorgeschlagene magnetooptische 
Modell verlangt. 

w 1. A l l g e m e i n e s  i iber  d ie  B e w e g u n g  und  i h r e  F o u r i e r -  
d a r s t e l l u n g .  Streng genommen wiirde es sich bei der im klassischen 
Sinne gereehneten Ausstrahlung eines Atoms um das gesamte elck- 
trische Moment, d . h .  um die Koordinatensumme fiber alle Elek- 
tronen des Atoms handeln. Wenn wir trotzdem nut yon den Koor- 
dinaten eines Elektrons, des ,Serlene]ektrons ", spreehen, so liegt das 
daran, dab wir nur Beobaehtungen im siehtbaren Gebiet im Auge 
haben. Die Bewegung der anderen, dem Atominnern angeh6renden 
und daher steif gebundenen Elektronen, stehen zu den l~6ntgenlinien 
in derselben korrespondenzm~Bigen Beziehung wio die Bewegung des 
Serienelektrons mit den sichtbaren Linien. Es scheint daher erlaubt, 
bei Besehr~nkung auf das sichtbare Goblet die Bewegung der inneren 
Elektronen zu iibergehen. 

Die Bewegung des Serienelektrons betrachten wir in erster N~he- 
rung als eben. In die Bahnebene legen wir die reehtwinkligen 
Koordinatenaehsen ~, 7- W~re die Bahn rein periodisch, z. B. ellip- 
tisch~ so h~tten wir bei komplexer Zusammenfassung yon ~ und 7: 

Die ganze Zahl s vertritt k0n'espondenzm~il~ig die Qnantenspriinge A n. 
Die Koeffizienten a8 der Fourierreihe sind komplexe Konstante. 

In WirkUchkeit ist die Bahn bei allgemeiner Atomstruktur nicht 
periodisch, sondern mit einer Periheldrehung 0~ versehen. Wit  diirfen 
voraussetzen, dab die you der Elektronenhfille herriihrenden st6renden 
Kr~fte klein gegen die Kernanziehung sind und folgern daraus (vgl. 
die Einleitung) O/c <~ On. 
Fiir die gest6rte Bewegung ist ebenso wie fiir die urspriingliche periodische 
das Azimut eine zyklische Koordinate, in der demnach der Fl~chensatz 
gilt. Unter dcr besonderen Voraussetzung~ da~ die st6renden K r ~ t e  
als Zentralkr~fte angesetzt werden k6nnen, l~Bt sieh dies sofort veri- 
fizieren. Aber auch abgesehen yon dieser apez[ollen Annahme ist die 

lO* 
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• Utrecht “sum rules”: The sum of the intensities
are the in the same ratio as the quantum
numbers of their final states

• Sommerfeld’s attack on TCP

• Heisenberg: “Sharpening” of TCP
Intensity schemes 

(in terms of quantum numbers)
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Bez iehung  zwischen  inneren  Quantenzah len  u n d  
I n t e n s i t ~ t e n  y o n  M e h r f a c h l i n i e n .  

Yon H. C. Burger und H, B. Dorgelo in Utrecht. 
(Mitteilung aus dora Physikalisehen Institut der Universitiit Utrecht.) 

(Eingegangen am 8. M~rz 19240 

~r kann fiir das Intensit~tsverh~ltnis der Komponenten einer 
1Kehrfachlinie einige empirisehe Regeln angeben, welehe diese~ Ver- 
h~ltnis eindeutig bestimmen. Die in der Weise berechneten Inten- 
sit,ten werden yon den bisher ausgefiihrten Messungen ohne Aus- 

nahme bestiitigt. 

1. Die kiirzlich in dieser Zeitschrift ver6ffentliehte Untersuchung 1) 
des Intensitiitsverhiiltnisses der Komponenten yon mehrfaehen Spek- 
trallinion hat gezeigt, dal~ eine Gesetzm~iBigkeit besteht, welehe fiir 
die Quantentheorie des Atommodells bedeutend werden kann. Wir 
werden in dieser Arbeit den dort eingeschlagenen Gedankengang 
weiter verfolgen und dabei zeigen, dal~ sieh fiir die Intensit~iten der 
Komponenten ein einfaches Zahlensehema angeben l~il~t. Die Messung 
der Intensit~ten von Spektrallinien muB also als vSllig gleiehwertig 
neben die Wellenl~ngenmessung gestellt werden. Zwar istdie Messung 
eines Intensitiitsverh~ltnisses schwieriger und umst~indlicher als die 
einer Wellenl~inge und die bei der ]ntensitatsmessung erreiehte Ge- 
nauigkeit ist daher viel kleiner als die Genauigkeit der Wellenl~ngen- 
messung, aber die Messung yon Intensit~iten yon Spektrallinien ist 
erst seit kurzem in Angriff genommen und die Methoden, welehe im 
Utrechter Institut ausgearbeitet sind, versprechen noch zahlreiehe 
interessante Resultate. 

Im folgenden werden wir uns vom Atom keine modellmM~ige 
Vorstellung bilden~ und nur annehmen, dal3 bei einem ~bergang  des 
Atoms von einem energiereicheren zu einem energie~irmeren Zustand 
der EnergieiiberschuB gem~13 der Bohrschen  Frequenzbedingung als 
monochromatisehe Strahlung emittiert wird. Die Intensit~t einer 
Spektrallinie ist also proportional dem Produkt  aus der Konzentration 
des Atoms im Anfaugszustand und der Wahrseheinliehkeit des Sprunges 
vom Anfangs- zum Endzustand. Wie sehon friiher bemerkt~), sind 
zuerst diejenigen Spektrallinien untersueht worden, fiir die der An- 
fangszustand des Atoms derselbe ist~ well man dann erwarten kann, 

1) ZS. f. Phys. 2~, 170, 1924. 
u) Ebenda 18, 206, 1923. 
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Die Summen der Intensit~ten der Komponenten einer Mehrfach- 
linie~ welche mit Sprfingen des Atoms van demselben Anfangszustande 
korrespondieren, verhalten sich wie die inneren Quantenzahlen J dieser 
Anfangszustiinde (Regal IV). 

Diese Regal ist das Gegenstiiek zu Regel II~ und wit behaupten, 
dal~ die Intensitaten der Komponenten jeder Mehrfaehlinie beide Regeln 
befriedigen miissen. 

Wir wollen beide Regeln priifen an den auf S. 260 gegebenen 
Zahlen fiir die Linie 1 p -  2 d van Ca. Diese Zahlen stellen wir iiber- 
siehtlich in der naahfolgenden Tabelle zusammen: 

Tabelle 2. 

I pl(5-) 

1 8 

1 18 100 

19 54 0 

25 0 0 

Die Landgschen  J-Werte sind hinter den Niveausymbolen zugefiigt. 
Regel II sagt nun aus, dai3 die Summen der Horizontalreihen pro- 
portional den J-Werten der p-Niveans sind, w~ihrend nach Regal IV 
die Summen der Vertikalreihen sich verhalten miissen wie die J-Werte 
3/2, 5/2, 7/2 der Anfangsniveaus d. Ersteres haben wit schon ffiiher 
gepriift~ das zweite besagt~ daI~ die Proportionalittit bestehen mul~: 

(1 + 19 -{- 25):(18 + 54): 100 = 3 : 5 : 7 .  
Zwar sind die st~rkeren Linien etwas zn sehwach, aber in Anbetraeht 
der sieher nieht zu vel~achl~issigenden Selbstamkehrung, ist das zu 
erwarten und ist die Ubereinstimmung gentigend. 

Es eriibrigt sich hier auf die weiteren Messungsergebnisse ein- 
zugehen, wail wir diese spater noah priifen wollen. Nut  sei hervor- 
gehoben, daft die Regeln II  und IV (und Regal I und III  als Spezial- 
fiille) ansnahmslos giiltig sin& 

3. Die Regeln II und IV, zusammen mit dam Auswahlprinzip~ 
das gewisse Linien aussahlieflt, gentigen nicht zu r  eindeutigen Be- 
stimmung der Intensit~ten dor betraehteten Linien. Im letztgenannten 
Beispiel des vollst~ndigen Tripletts muff man das Intensit~itsverh~iltnis 
van sechs Komponenten bestimmen, d. h. die Zahl der unbekannten 
GrSl~en ist ffinf. Die Regeln II  und IV gebon jade eine Propor- 
tionalit~it fiir die drei genannten Summen und liofern also zusammen 
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T a b e l l e  5. 

6k - -3  

6k- -3  
2 } - - 3  
6 k - - 3  

1 11 12 k~ + 19. k - -  9 
(6 k - -  3) (6 k -t- 3) (6 k - -  3) (6 k + 3) (6 k - -  3) (6 k + 3) 

11 12 lc 2 - -  14 0 (6 k - -  3) (6/r + 3) (6 k - -  3) (6 k + 3) 
1 2 k ~ - - 1 2 k - - 9  0 0 ( ~ k - - 8 ) ( 6 k + 3 )  

2 k - - 1  2k-~- 1 2k-~-3 
6knC3 6k -[- 3 6 k - ~ 3  

2 k - - 3  
relat iven Quantenzahl  6 b - - 3 '  weil  in der  Horizonta l re ihe  dieses 

Bruches keine andercn Zahlen mehr  vorkommen.  
W i r  prfifen die Tabe l le  5 znerst  ffir die (p d)Linie des Calciums, 

deren Intensit~tsverh~iltnisse in Tabe l le  2 gegeben  sind. Die  nach 
Tabel le  5 gefundenen  Intensi t~ten ffir k ~ 2 rechnen wir um, so daI] 
die st~rkste Linie durch die Zahl  100 darges te l l t  wird, und bekommen 
in der  W e i s e :  

T a b e l l e  6. 

Pl 1,6 17,5 100 
p~ 17,5 54,0 0 
P3 22,2 o 0 

I d3 d2 dl 

In teressant  ist auch die Linie 1 d - -  3 b yon St. Es war bei  dieser  
Linie  gerade noch m6glich,  die sechs Komponen ten  zu t rennen,  und 
deren Intensi t i i ten zu messen. In  der  fo lge~den  Tabe l le  sind die 
berechneten Intensi t~ten und die Messungsergebnisse  (diese in Par -  
enthese) zusammengestel l t  : 

T a b e l l e  7. 

0,7 ( <  ~) s,1 (9) 
s,1 (9) 69,5 (69) 

40,7 ( ,s)  0 

,00 000) 
0 
0 
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Models vs lawful regularities

Quotations from Seth (2008)

"The actual cause for the doublets and triplets and

therefore also the cause of the anomolous Zeeman effect

is still unclear to me.  Only this much is certain, that in

all whole-numbered relationships, quanta are involved."

"It represents for the time being, as I have noted elsewhere, a

'number mystery'... Only so much appears to be certain:  that the

integral harmony of our Runge numbers has its final cause in the

action of hidden quantum numbers and quantum relations."

• On the "Magneto-Optical Splitting Rule":

"Thus it is, that at the moment we are at a loss with the modell-

mässigen meaning of the line multiplicities of the non-hydrogenic

elements...  All the more valuable are all the lawful regularities

[Gesetzmässigkeiten] that present themselves empirically..."

• On model-building vs. empirical rules:

Sommerfeld

"I found it particularly beautiful in the presentation of the com-

plex structure that you have left all modellmässig considerations

to one side.  The model idea now finds itself in a difficult,

fundamental crisis... One now has the impression with all models,

that we speak there a language that is not sufficiently adequate

for the simplicity and beauty of the quantum world."
Wolfgang Pauli

• Former student Pauli on 4th edition of Sommerfeld's Atombau:

Sommerfeld's method as a craft:

• "...A craft, in that, working directly with the data one extrapolates and

interpolates, drawing conclusions not from model-based deductions, but from

arithmetic and graphical approximations, drawing on special experience to

strike a balance between different sets of the always-insufficient information

from spectroscopic data."  (Seth, pg. 225.)

Pauli
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Perturbation Theory and the Anharmonic Oscillator 

Heisenberg to Pauli (Sep 1922)

- Recursion relations determine the Fourier coefficients
- But how to determine the first term (a)?

http://www.heisenberg-gesellschaft.de/

Source: Van der Wærden (1967)
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Perturbation Theory and the Anharmonic Oscillator 

Heisenberg’s interview with Thomas Kuhn

Quoted from Mackinnon (1977)

 HEISENBERG AND MATRIX MECHANICS  163

 virtual oscillator model. Heisenberg also intended to get a critical
 reaction from Born before publishing his new ideas. Since both Born
 and Pauli were stressing the need to restrict quantum theory to ob
 servable quantities,54 a view that Heisenberg was beginning to share,
 Heisenberg accorded this Gottingen principle a key epistemological
 role in his theoretical formulation, though it was incompatible with
 his actual procedure.

 This conjectural reconstruction is supported by Heisenberg's own
 accounts of these developments. My argument, however, will be
 primarily based on a detailed reconstruction of Heisenberg's own
 reasoning during this crucial period. In developing this argument, I
 will make extensive use of Heisenberg's correspondence to supple
 ment a critical analysis of his article. The temptation to project back
 into Heisenberg's article the methods of matrix multiplication is an
 obstacle to understanding the methods Heisenberg actually used. He
 has repeatedly insisted that at the time he wrote the article he was not
 familiar with the mathematics of matrices.55 In one of his interviews

 with T. S. Kuhn, Heisenberg indicated how the program outlined in
 the conclusion of his final paper on the anomalous Zeeman effect led to
 the mathematical methods he used in developing quantum theory.

 Well, the point was that from this moment I actually did work on
 quantum mechanics straight away, because when I had studied
 the classical intensities of the Kepler ellipse, I very soon found
 out that it was too complicated to guess the intensities. And then
 I found?that was the point?that if I knew the Fourier series of,
 say, a coordinate x, I wanted also to know the Fourier series of x2.
 And so I studied more generally the question of the connection
 between the Fourier series of x and that of x2, or that of x and y
 and that of x times y. And that was, of course, already practically
 matrix mechanics. Then I went from the hydrogen back to a
 problem where I could do the thing by just multiplying in a
 simple way so that besides x, I only needed x2 and x3 and not

 54In their interviews with Kuhn both Heisenberg (SHQP, Interview 5, p. 19) and
 Jordan (SHQP, interview 1, p. 30) related that the idea of restricting quantum theory to
 observables was a common doctrine in the Gottingen cirde around Born. For Pauli's
 doctrine see note 43.

 55In a recent summary of this development Heisenberg claimed: "At that time I must
 confess I did not know what a matrix was and did not know the rules of matrix
 'multiplication/' From W. Heisenberg, "Development of Concepts in the History of
 Quantum Theory," in Jagdish Mehra, ed., The Physicist's Conception of Nature (Dor
 drecht, 1973), pp. 264^275. The citation is from p. 267. In his interview with Kuhn
 (SHQP, Interview 5, p. 12) he daimed that he found the noncommutative aspect of his

 multiplication rules the most disagreeable feature of his original paper. It was precisely
 this multiplication law that led Born to suggest the use of matrices.
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Perturbation Theory and the Anharmonic Oscillator 

Quoted from Mackinnon (1977)

 164  EDWARD MACKINNON

 more. The simplest example was the anharmonic oscillator and
 thereby 1 came to the anharmonic oscillator in quantum

 mechanics. You will find in the first paper on the anharmonic
 oscillator in quantum mechanics also a statement that it was (at
 fault) if one knew x also to know x2 or x times y and that kind of
 thing. So that was really the point. But the point came out from

 my attempts to work straight on the hydrogen atom and since
 these attempts had failed, I went to the more general question of

 what I could do about multiplication of these Fourier series.56

 Because of a severe attack of hay fever Heisenberg went to Helgo
 land, a small, pollen free island in the North Sea. It was there, early
 in June 1925, that he made his decisive breakthrough. On 5 June

 Heisenberg wrote to R. Kronig presenting a rather detailed account
 of how he was adapting the virtual oscillator model to the problem of
 the anharmonic oscillator.57 On 8 June he wrote a letter to Bohr which
 relates only that his hay fever had let up and that his work was going
 slowly.58 On the same day he wrote a letter to Pauli but gave no clear
 indication of the sort of work he was doing. Heisenberg, it seems,

 was willing to communicate his new approach to Kronig, then a post
 doctoral fellow interested in learning from Heisenberg new directions
 in atomic physics. But he would not communicate his new ideas to
 Bohr or Pauli until they were sufficiently developed to withstand the
 expected criticism. Of the two only Pauli could be expected to analyze
 and criticize the technical formalism. Accordingly, we will begin with
 the problem treated in Heisenberg's letter to Kronig and treat his
 correspondence with Pauli later.
 Heisenberg was searching for a problem simple enough to serve as

 a test for his new approach employing Fourier expansions. The
 easiest problem might seem to be the simple harmonic oscillator
 specified by the formula x + a)2x = 0. However, this oscillator only
 allows radiation frequencies that are equal to the mechanical frequen
 cies of oscillation. This was the assumption that had proved a failure
 in the development of dispersion theory. The simplest way to over
 come this limitation is to add a correction term dependent on x2,
 yielding the formula for an anharmonic oscillator:

 S6SHQP, Interview 6, p. 6. A similar account is contained in Heisenberg's contribu
 tion to the Pauli memorial volume (note 42).

 57In an article in Fierz and Weisskopf, op. ext. (note, 42), Kronig reproduces the main
 part of the letter and the diagram presented here as Figure 4.

 58W. Heisenberg to N. Bohr, 8 June 1925, BSC 11, sect. 2. In his correspondence with
 Bohr, Heisenberg did not indicate what he was doing until 31 August 1924, when he
 wrote saying that he had done something in quantum mechanics and that Kramers was
 familiar with it. It was not until 21 October 1925 that Heisenberg communicated his
 new ideas to Bohr, and then he discussed their physical significance rather than the
 mathematical formalism.
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 x + o)2x + Xx2 = 0. (4)

 To get the Fourier expansion Heisenberg used one substitution:

 x = a0 + ax cos a)t + a2 cos 2a>t + .... (5)

 By expanding and reordering, he derived:

 x2 = (a02 + fl!2/2) + 2(fl0fli + 0i02) cos <ot +_ (6)

 Though the anharmonic oscillator obeys a different force law than
 the hydrogen atom, their expansions involve terms similar enough so
 that one might suggest the method for handling the other. In the
 hydrogen atom an electron at a distance a from the nucleus is
 bound to it by a force F = ?e2la2. For the anharmonic oscillator pic
 tured in Figure 4, the diagram Heisenberg used in his letter to Kronig,
 the dipole charge can vibrate back and forth along the x direction. The1
 force exerted on it by a positive charge at P would be:

 K = -e2la2 + e2l(a2+x2) = -1+1/(1+x%2)]. (7)
 The denominator in the last term can be expanded in two different
 ways. A direct Fourier expansion gives:

 l/(l+x2/a2) = b0 + b1 cos <*)t + b2 cos 2c*t + ... . (8)

 But one can also use the simple algebraic expansion

 1/(1+*%2) = 1 - x2la2 + x4la4 - x6la6 + ... . (9)

 In equation (9) one can substitute equation (6) for x2 with correspond
 ing expressions for x4, etc. If the resulting expression is to be identical

 with equation (8), then the coefficient of each cos na)t in equation (8)

 <
 X

 p
 Figure 4. An anharmonic oscillator. This diagram is from a letter Heisenberg wrote to
 R. Kronig on 8 June 1925.
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x = displacement from an equilibrium position the 
electron might have, i.e., from a stable orbit. 
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 must be equal to its counterpart in equation(9). The substitutions
 yield the expressions:59

 b0 = 1 - (1/a2) (al + a\\2 +...) + (lla4) (...) (10a)
 bx = - (21a2) (flofl! + flla2/2+ ...) . (10b)

 In his letter to Kronig, Heisenberg did not really explain how this
 calculation can be given an atomic interpretation. However, the in
 terpretation he used, though not its justification, can easily be recon
 structed. In the Lorentz, or virtual oscillator, model the key parameter
 is not the distance a, but the displacement x. The distance a formerly
 specified the radius of an orbit, the type of mechanical specification

 Heisenberg had renounced. The distance x represented a displace
 ment from whatever equilibrium position the electron might have. In
 the original Lorentz model this was interpreted as a displacement
 from a fixed position. In the modified virtual oscillator model it could
 be interpreted as a displacement from a stable orbit. According to
 Heisenberg's extension of the correspondence principle, the quantum
 correlative of the distance a from the center is the quantum number n
 specifying the orbit, while the quantum analogue of oscillations about
 this orbit is the virtual transitions. To be more concrete, if b should
 correspond to a transition, e.g., from the n to the n-1 orbit, then the
 coefficients that serve as an expansion of b should be interpreted as a
 summation of the transitions that lead from the same initial to the

 same final state by means of intermediate virtual transitions. Thus,
 we have:

 bx (n, n -1) = -(1/a2) Mnfafan -1) + a1(n/n -l)a0(n -1)
 +(V2)fli(n -l,n -2)a2(n,n -2) + (V2)a2(n+l,n -lMn.+l,*)]

 +(l/a4) [...]. (11)

 Equation (11) illustrates the basic idea of how the virtual oscillator
 model is adapted to quantum mechanics. But it does not provide an
 intuitively clear basis for the orderly assignment of virtual transitions.
 This assignment is clearer if we shift from a cosine to an exponential
 expansion:

 00

 x(n,t)= 2na?e?^, (12) n=\j

 59In his letter to Kronig Heisenberg did not have the factor of V2 in the second line of
 equation (11). I assume that this was a simple copying mistake. He also omitted the
 factor of (lla2) in the denominator of the right hand sides of equations (15) and (16).
 Here, as in the next section, Heisenberg simplified the coefficients he used to highlight
 the significant features of the equations.
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 and
 00

 V{l+x2la2) = s bmemi<at. (13) m=0

 Then the same process of expansion and identification of coefficients
 leads to:

 b^2iu>t = _(lfa2) [(a(f>i<*>ty + (flo02 + a^ypn* + ...]

 + (1/fl4) [...]+.... (14)
 What is the precise physical interpretation to be accorded a term like
 (axeiiat)2 in equation (14)? In the virtual oscillator model the term b2e2ia>t
 could represent a transition from state n to state n ?2. Correspond
 ingly, the right-hand side of equation (14) should represent an or
 dered sum of the virtual transitions leading from state n to state n?2
 through an intermediate jump of 1, 2, or more steps. Thus, the term
 {p,xei0it)2 with the subscript 1 should correspond to the virtual transi
 tion from state n to state n ? 1 followed by another virtual transition
 from state n ? 1 to the final state n ?2. Considering only this term we
 have:

 b2 (n,n -2) eib)(n>n- 2)t
 = (Ha2) ax (n,n -1) ax (n -\,n -2) e *?n>n- 1)+w(n" Un~2)]t. (15)

 For this equation to hold the coefficients in equation (15) must relate
 according to the pattern:

 b2{n,n -2) = (Ha2) ax (n,n -1) ax (n -l,n -2). (16)

 With equation (16) one effectively has a matrix multiplication.
 When it supplied a successful basis for solving particular problems,
 Heisenberg quickly realized that he could dispense with the interpre
 tation in terms of virtual oscillations. Nevertheless, the original basis
 for this equation is clear. Nor can equation (16) be explained through
 the doctrine of observability Heisenberg stressed in his published
 paper. Virtual transitions are unobservable as a matter of principle,
 for they do not involve the emission of real photons. The original
 basis for equation (16) is the physical significance accorded it in the
 virtual oscillator model. One must be careful to keep the order of
 multiplication as it is, ax {n,n ?1) ax (n ?1, n ?2), because the atom
 cannot pass from the n -1 to the n?2 state until it has already passed
 from the n to the n ? 1 state. To change the order would be to describe
 a different virtual process.

 In classical radiation theory the solution of the equations of motion
 yields not only the allowed frequencies but also their relative inten
 sities. The old quantum theory did not supply any direct means for
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 What is the precise physical interpretation to be accorded a term like
 (axeiiat)2 in equation (14)? In the virtual oscillator model the term b2e2ia>t
 could represent a transition from state n to state n ?2. Correspond
 ingly, the right-hand side of equation (14) should represent an or
 dered sum of the virtual transitions leading from state n to state n?2
 through an intermediate jump of 1, 2, or more steps. Thus, the term
 {p,xei0it)2 with the subscript 1 should correspond to the virtual transi
 tion from state n to state n ? 1 followed by another virtual transition
 from state n ? 1 to the final state n ?2. Considering only this term we
 have:

 b2 (n,n -2) eib)(n>n- 2)t
 = (Ha2) ax (n,n -1) ax (n -\,n -2) e *?n>n- 1)+w(n" Un~2)]t. (15)

 For this equation to hold the coefficients in equation (15) must relate
 according to the pattern:

 b2{n,n -2) = (Ha2) ax (n,n -1) ax (n -l,n -2). (16)

 With equation (16) one effectively has a matrix multiplication.
 When it supplied a successful basis for solving particular problems,
 Heisenberg quickly realized that he could dispense with the interpre
 tation in terms of virtual oscillations. Nevertheless, the original basis
 for this equation is clear. Nor can equation (16) be explained through
 the doctrine of observability Heisenberg stressed in his published
 paper. Virtual transitions are unobservable as a matter of principle,
 for they do not involve the emission of real photons. The original
 basis for equation (16) is the physical significance accorded it in the
 virtual oscillator model. One must be careful to keep the order of
 multiplication as it is, ax {n,n ?1) ax (n ?1, n ?2), because the atom
 cannot pass from the n -1 to the n?2 state until it has already passed
 from the n to the n ? 1 state. To change the order would be to describe
 a different virtual process.

 In classical radiation theory the solution of the equations of motion
 yields not only the allowed frequencies but also their relative inten
 sities. The old quantum theory did not supply any direct means for
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The “turning point”
Heisenberg to Kronig (June 1925)
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Heisenberg’s Umdeutung (1925)

Main points 

§ Classical Mechanics is not valid in the atomic range (e.g. Bohr’s frequency).

§ The theory should contain only quantities that are in principle observables
(namely, transition frequencies and probabilities, i.e., amplitudes)

§ The solution is a reinterpretation of our kinematics: instead of x(t) we should
consider the set of all possible transitions from a given state n 

§ We need a new (Quantum) Mechanics, which replaces differential
quotients by difference quotients (Correspondence Principle). 
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U b e r  q u a n t e n t h e o r e t i s c h e  U m d e u t u n g  
kinematischer  und mechaniseher  Beziehungen.  

Von ~T. He isenberg  in GSttingen. 

(Eingegangen am 29. Juli  1925.) 

In der Arbeit sol[ versucht werden, Grundlagen zu gewinnen f[ir eine quanten- 
s Mechanik, die ausschliel]lich auf Beziehungen .zwischen prinzipiell 

beobachtbaren GrSflen basiert ist. 

Bekanntlich last sich gegen die [ormalen Regeln, die allgemein hi 
der Qnantentheorie zur Berechnung beobachtbarer Grs~en (z. B. der 
Energie im Wasserstoffatom) benutzt werden, der schwerwiegende Ein- 
wand erheben, da~] iene Rechenregeln als wesentlichen Bestandteil Be- 
ziehungen enthalten zwischen GrS~en, die scheinbar prlnzipiell nicht 
beobachtet werden kSnnen (wie z.B. Oft, Unflaufszeit des Elektrons), 
da~ also ienen Regela offenbar iedes anschautiche physikalische Fnnda- 
merit mangelt, wenn man nicht immer noch an tier ttoffnnng festhalten 
\v~ll, da~ iene bis ietzt unbeobachtbaren GrS~en sparer vielleicht experi- 
mentell znggnglich gemacht werden k~nnten. Diese Ho~fnung kSnnte 
als berechtigt angesehen werden, wenn die genannten Regeln in sich 
konsequent had auf einen bestimmt umgrenzten Bereich quantentheoretischer 
Probleme anwendbar wgren. Die Er~ahrung zelgt aber, da~ sich nut 
das Wasserstoffatem und der Starkeffekt dieses Atoms ienen formalen 
Regeln der Quantentheorie fiigen, da~ aber schon beim Problem tier 
,,gekreuzten Felder" (Wasserstof*atom in elektrischem and magnetlschem 
Feld verschiedener Richtung) fundamentale Schwierigkeiten auftreten, 
da~ die Reaktioa der Atome auf periodisch wechselnde Felder sicherlich 
nicht dutch die genannten Regeln. beschrieben werden kann, sad da~ 
schlie~lich eine Ausdehnung der Quantenregeln au~ die Behandlnng tier 
Atome mit mehreren Elektronen sich als nnmSgllch erwiesen hat. Es 
ist iiblich geworden, dieses Yersagen der quantentheoretischen Regeln, 
die ia wesentlich dutch die Anwendung der klassischen Mechanik 
charakterisiert waren, als Abweichung yon der klassischen Mechanik zu 
bezeichnen. Diese Bezeichnung kann aber wohl kaum als sinngemgl] 
angesehen werden, wenn man bedenkt, da~ schon die (~a ganz allgemein 
giiltige) E i n s t e i n - B  o hr sche Frequenzbedingung eine so vSllige Absage 
an die klassische Mechanik oder besser, yore Standpunkt der Wellen- 
theorie aus, an die dieser Mecl~auik 'zugrunde liegende Xinematik dar- 
stellt, da~ auch bei den ein[achsten quantentheoretischen Problemen an 

Zeitschrift fiir Physik. Bd. XXXIII. 59 
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Heisenberg’s Umdeutung (1925)

§ Heuristics: Translations

Classical Quantum-theoretical

Energy and frequency

Adding frequencies

Crucial question: What about the amplitudes?

Amplitudes
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Heisenberg’s Umdeutung (1925)

§ Heuristics: Translations

Classical Quantum-theoretical

Fourier series
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Heisenberg’s Umdeutung (1925)

§ Heuristics: Translations

The ”old” quantum condition n could be continuous
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Matrix Mechanics (Born & Jordan)

§ Heisenberg’s mathematics is matrix analysis
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Matrix Mechanics (Born & Jordan)
Recipes (Tomonaga)
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Matrix Mechanics (Born & Jordan)
Recipes (Tomonaga)

Newton’s 2nd law Hamiltonian (energy)Hamilton’s equations
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Your Questions

§ What does Heisenberg mean by the revolution of the electron? Quantum jump? 
§ What difficulties are there when you have a hydrogen atom in a crossed field? 
§ What is the Einstein-Bohr frequency condition? 
§ I am not familiar with  Kramers work, what is his dispersion theory? 
§ Why does Heisenberg has such an interest the quantum-theoretical x(t)^2 at the 

beginning of the paper? Is this already intended to the amplitude square as 
probability? 

§ When did the bra ket notation started in matrix mechanics/QM?
§ What exactly are the variables n and alpha and what is the difference between

them?
§ Why is x(t)^2 of such great importance?
§ The field strengths he describes in the beginning: Where do they come from and 

what exactly do they represent with respect to the moving electron?

21


