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Mechanics in the XVIII century 
From Newton’s Principia (1687) to Lagrange’s Mécanique analytique (1788) 

•  Newtonian paradigm (central forces, point particles)  

•  Many challenges: e.g. interacting bodies subjected to 
constrains, continuous mechanics; 

•  Fruitful interplay between physics and mathematics; 

•  The “analytical revolution”: Leibniz’s calculus applied to 
mechanics (Varignon, Bernoullis, Euler’s Mechanics (1736)); 

•  New principles: e.g. laws of impact, principle of vis viva, 
D’Alembert’s, Least Action - scalar (energy) formulations; 

•  Controversies: Notion of force, conservation of mv or mv2 
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Center of oscillation problem 

•  A simple pendulum with all its mass concentrated at 
that point will have the same period of oscillation as 
the compound pendulum. 

m1 

m2 

(m1 + m2) 

L = ? 

TA  = TB 

3 



Center of oscillation problem (Huygens) 

Details in Mahoney (1980) 

1. Isochrony: vB/vC/vP = b/c/x 

2. Heights fallen and lengths: PQ/CS = HK/AD   

3. Heights fallen, velocities exchanged, heights acquired: 
RN/PQ = v2

C/v2
P   and    MV/PQ = v2

B/v2
P  

4. Huygens assert: the composite center of gravity of 
the spheres G and F, after they have taken motion 
from E and D and have converted it upward as far as 
they can, that this center rises to the same height as 
that of the center of gravity of the spheres B and C. 
 

RN.F + MV.G = CS.C + BO.B 

Combining 1., 2., 3. and 4. 
 

x = (C.c2 + B.b2)/(C.c + B.b) 
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Center of oscillation problem (James) Bernoulli 

In an infinitesimal dt: 

•  m1  experiences an “upward force” 

•  m2  experiences a “downward force” 

•  There is a point M that falls “freely”  

Geometry: 

•  a1 = (r1/l)g  a2 = (r2/l)g  (1) 

Principle: “Lost” and “Gained” forces in equilibrium 

•  m1 .(g – a1). r1 + m2 .(g – a2). r2 = 0  (2) 

Substituting (1) in (2) 

l = (m1 r1
2 +  m2 r2

2)/(m1 r1 +  m2 r2) 

For n masses 

l = Σ(mi ri
2)/Σ(mi ri) 
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D’Alembert’s principle (3 motions) 

u velocity before 

w velocity “lost” 

If the body were animated 
with the lost velocity alone, 
equilibrium would subsist. 
Thus,  

Collision of a “hard” particle 

w ⊥ wall 

v  velocity after  

Inelastic collision 

m M before 
u U 

after m M v V

u = v + (u – v) 

U = V + (U – V) 

u impressed velocity 

v actual velocity 
(u – v) “lost” velocity 

The application of the “lost” 
velocities to m and M must 
produce equilibrium. 
Thus, 

m(u – v) + M(U – V) = 0  

v (or V) = (mu + MU)/(m + M)  

Problem X 

D’Alembert’s Principle 53 

A A’ A” a 
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Figure 8. (D’Alembert’s Figure 44, Trait6 (1743)). 

lines A’a and B’c in the next instant. D’Alembert’s principle gives the 
decompositions: 

B‘B’’ : composed of B‘b and -(B”b), 
B’d : composed of B‘c and cd. 

(29) 
(30) 

The lines - B”b and cd represent the lost motions of rn and M. Equili- 
brium would by this principle subsist if the bodies possessed the lost 
motions alone. The previous lemma is now invoked to conclude that 

rn(A”u) ij 
= -  

M(cd) cd‘ 

Thus rn(A”a) = M(ij) .  But ij = ec-jo-A”a. Hence 

rn(A’a) = M(ec-jo)-M(A”u). 

Details in Fraser (1985) 

D’Alembert’s Principle 53 
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D’Alembert’s principle 

Let A, B, C, etc.... be the bodies that constitute the system and suppose that 
the motions a, b, c, etc. ... are impressed on them; let there be forces, arising 
from their mutual action, which change these into the [actual] motions a’, b’, 
c’, etc… It is clear that the motion a impressed on the body A can be 
compounded of the motion a’ which it acquires and another motion α. In the 
same way the motions b, c, etc.... can be regarded as compounded of the 
motions b’ and β, c’ and χ , etc ... From this it follows that the motions of the 
bodies A, B, C, etc …  would be the same, among themselves, if instead of 
their having been given the impulses a, b, c, etc.... they had been 
simultaneously given the twin impulsions a’ and α, b’ and β, c’ and χ , etc... 
Now, by supposition, the bodies A, B, C, etc… have assumed, by their own 
action, the motions a’, b’, c’, etc… Therefore the motions α, β, χ , etc ... must 
be such that they do not disturb the motions a’, b’, c’, etc… in any way. That is 
to say, that if the bodies had only received the motions α, β, χ, etc... these 
motions would have been cancelled out among themselves, and the 
system would have remained at rest. 

Traité de Dynamique (1743) 
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D’Alembert’s principle 

From this results the following principle for finding the motion of 
several bodies which act upon each other. Decompose each of 
the motions a, b, c, etc... which are impressed on the bodies 
into two others, a’ and α, b’ and β, c’ and χ, etc… which are 
such that if the motions a’, b’, c’, etc... had been impressed on 
the bodies, they would have been retained unchanged; and if 
the motions α, β, χ, etc. ... alone had been impressed on the 
bodies, the system would have remained at rest. It is clear 
that a’, b’, c’, etc... will be the motions that the bodies will take 
because of their mutual action. This is what it was necessary to 
find (QED). 

Traité de Dynamique (1743) 
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Center of oscillation problem (D’Alembert’s principle) 

250 THE PRINCIPLES OF CLASSICAL MECHANICS

given the impulses a, b, c, etc.... they had been simultaneously given
the twin impulsions a and ct., band 13, c and x, etc. . .. Now, by sup-
position, the bodies A, B, C, etc.... have assumed, by their own action,
the motions a, n, c, etc. . .. Therefore the motions Cl, 13, '"', etc .
must be such that they do not disturb the motions a, n, c, etc in
any way. That is to say, that if the bodies had only received the mo-
tions c(, {J, x, etc.... these motions would have been cancelled out
among themselves, and the system would have remained at rest.
"From this results the following principle for finding the motion of

several bodies which act upon each other. Decompose each of the
motions u, b, c, etc. . • . which are impressed on the bodies into two others,
a and ct., ]i and f3, c and u, etc. • •• which are such that if the motions
a, b, c, etc. ... had been impressed on the bodies, they would have been
retained unchanged; and if the motions ct., f3, u, etc. ... alone had been
impressed on the bodies, the system would have remained at rest. It is
clear that a, h, c., etc. ... will be the motions that the bodies will take
because of their mutual action. This is 'lvhat it was necessary to find. "

5. D'ALEMBERT'S SOLUTION OF THE PROBLEM OF THE CENTRE OF OSCIL-
LATION.

Fig. 88

c

B

R

Although d'Alemhert's principle is perfectly clear, its application is
difficult, the Traite de Dynamique remains a difficult book to read.

As a concrete example of its application, we
shall give d'Alembert's solution of the celebrat-
ed problem of the centre of oscillation. l

,<. Problem. - To find the velocity of a rod CR
fixed at C, and loaded with as many weights as
may be desired, under the supposition that these
bodies, if the rod had not prevented them, would
have described infinitely short lines AO, BQ, RT,
perpendicular to the rod, in equal times.
"All the difficulty reduces to finding the

line RS travelled by one of the hodies, R., in the
time that it would have travelled RT. For then
the velocities B G, ...4M, of all the other bodies
are known.

" Now regard the impressed velocities, RT,
BQ, AO as being composed of the velocities RS and ST; BG and
-GQ; AM and -MO. By our principle, the lever C..:4R \vould have

1 Traite de Dynamique, p. 96.

Impressed velocities (a, b, c): AO, BQ, RT 

Actual velocities (a’, b’, c’): AM, BG, RS 

Impressed = Actual + Lost/Gained 

By our principle, the lever CAR would have remained in 
equilibrium if the bodies R, B, A had received the motions ST,     
- GQ, - MO alone. 
 
Therefore 

RT = RS + ST 
BQ = BG - GQ 
AO = AM - MO 

A.MO.AC + B.QG.BC = R.ST.CR 

AO = a, BQ = b, RT = c, CA = r, CB = r´, CR = ρ  

JACQUES BERNOULLI AND D'ALEl\IBERT 251

remained in equilibrium if the bodies R, B, A had received the motions
5;T, -GQ, -MO alone.

';0 Therefore
A·MO·AC B·QG·BC === R·ST·CR.

"Denoting AO by u, BQ by b, RTby c, CA by T, CB by T', CR by e
and RS by z, we ,vill have

(
/ZT ) , (ZT'R (c-z) e== AT - - a + Br
(} \Q

H Consequentl)'"
_ Aare + Bbr'e + RCf!2

z - --A-,2-+
4' Corollary. - Let F, f, ep be the motive forces of the bodies A, B, R.

The accelerating force will he found to be

Fr IT' + CPr}
Ar2 Br2 + R g2 X (!

on giving-:a, b, c, their values Therefore, if the element of arc

described hy the radius CR is taken to be ds and the velocity of R to
he u., then, in general,

Fr + fr' cpe eds == udu
Ar2 Br2 Re2

whatever the forces F, f, cp may he. It is easy, by this means, to solve
the problem of centres of oscillation under any hypothesis.

6. THE PRIORITY OF HERMAN AND EULER IN THE MATTER OF n'ALEM-
BERT'S PRINCIPLE.

After recalling Jacques Bernoulli's solution of the problem of the
centre of oscillation, d'Alembert remarks that Euler, in Volume III ofthe
old Commentaries of the Academy of Petersbourg (1740), had used the
principle according to which the powers R· RS, B. B G, A ·AM must be
equivalent to the powers R.RT, B.BQ, A·AO. "But M. Euler has
in no way demonstrated this principle and this, it seems to me, can only
he done by means of ours. Moreover, the author has only applied this
principle to the solution of a smaIl number of problems concerning the
oscillation of flexible or inflexible bodies, and the solution that he has
given to one of these problems is not correct. [This was the problem
of the oscillation of a solid body on a plane.] This shows to what extent

Isolating z: 
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If F, f and φ are the motive (applied) forces at A, B and R: 
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Element of arc = ds and velocity of R = u  
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Center of oscillation problem (modern solution) 

Torque = moment of inertia x angular acceleration 

313

assumption, the bodies A, B, C, etc. have assumed on their own the motions a, b, c, etc. The 
motions Į, ȕ, Ȗ must therefore be such that they in no way alter the motions a, b, c, etc. 
That is, if the bodies had been given the motions Į, ȕ, Ȗ, these would have to have canceled, 
resulting in zero net motion.

Thus one has the following principle for finding the motion of several bodies with mu-
tual interaction: one decomposes the motions a, b, c, etc. applied to each body into two 
others, a, Į; b, ȕ; c, Ȗ; etc., such that if one had applied to the bodies only the motions a, 
b, c, etc., then these bodies would have been able to maintain these motions without any 
mutual hindrance, and that if one had applied the motions Į, ȕ, Ȗ, etc. to the bodies, the 
system would have remained at rest. It is then clear that a, b, c, etc. are the motions that 
these bodies would assume due to their interaction. Such is the solution to the problem.

—d’Alembert, Traité de Dynamique

We now apply d’Alembert’s principle to a physical pendulum (Figure 4.41) consisting of three bodies A, 
B, and R connected by a rigid straight rod. We assume that the three bodies, if not prevented from doing 
so by the rod, would have moved during the same period of time through three infinitesimally small dis-
tances AO, BQ, and RT. In fact, the actual path is RS, not RT, and from the size of RS, we can determine 
the values of AM and BG.

The motion (velocity) thus consists of the following parts:

RT RS ST BQ BG GQ AO AM MO= + = − = −, , ,

and the principle asserts that the pendulum remains at rest if the bodies A, B, and R are given only the 
motions ST, –GQ, and –MO. We obtain the following equilibrium condition:

A MO AC B QG BC R ST CR⋅ ⋅ + ⋅ ⋅ = ⋅ ⋅ .

Let us now follow d’Alembert and introduce the notation

AO a BQ b RT c RS z CA r CB r CR= = = = = = ′ =, , , , , , .ρ

Then the equilibrium equation assumes the form

R c z Ar zr a Br zr b( ) ,− = −
⎛

⎝
⎜

⎞

⎠
⎟ + ′ ′

−
⎛

⎝
⎜

⎞

⎠
⎟ρ

ρ ρ

from which we finally obtain

z Aar Bbr Rc
Ar Br R

= + ′ +
+ ′ +

ρ ρ ρ
ρ

2

2 2 2 .

If now the forces F, f, and ĳ act on the bodies A, B, and R, then we obtain the accelerational force (ac-
celeration) of the body R if in place of the quantities a, b, c we substitute the quantities F/A, f /B, ĳ/C. 
We then obtain the expression

Fr fr
Ar Br R

+ ′ +
+ ′ +

ϕρ
ρ

ρ2 2 2 ,

and the increase in velocity from passing through the arc element ds can be calculated from

Fr fr
Ar Br R

s u u+ ′ +
+ ′ +

=ϕρ
ρ

ρ2 2 2 d d .

Today, in such investigations one would start with the relationship “torque ! moment of inertia " 
angular acceleration” (Figure 4.42); that is, 

F r F r F r m r m r m r
t1 1 2 2 3 3 1 1

2
2 2

2
3 3

2+ + = + +( ) d
d

.ω

This equation can then be brought into the form

F r
m r t

i i

i i

∑
∑

=2

d
d

.ω

��Figure 4.41 Application of d’Alembert’s principle 
to determining the period of a physical pendulum, how 
D’ALEMBERT himself imagined it. Our conception today is 
fundamentally different.

��Figure 4.42 Restatement of d’Alembert’s formula 
using modern concepts.
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from which we finally obtain
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If now the forces F, f, and ĳ act on the bodies A, B, and R, then we obtain the accelerational force (ac-
celeration) of the body R if in place of the quantities a, b, c we substitute the quantities F/A, f /B, ĳ/C. 
We then obtain the expression

Fr fr
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ρ2 2 2 ,

and the increase in velocity from passing through the arc element ds can be calculated from

Fr fr
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ρ

ρ2 2 2 d d .

Today, in such investigations one would start with the relationship “torque ! moment of inertia " 
angular acceleration” (Figure 4.42); that is, 
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3 3
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This equation can then be brought into the form

F r
m r t
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∑
∑

=2

d
d

.ω

��Figure 4.41 Application of d’Alembert’s principle 
to determining the period of a physical pendulum, how 
D’ALEMBERT himself imagined it. Our conception today is 
fundamentally different.

��Figure 4.42 Restatement of d’Alembert’s formula 
using modern concepts.
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remained in equilibrium if the bodies R, B, A had received the motions
5;T, -GQ, -MO alone.

';0 Therefore
A·MO·AC B·QG·BC === R·ST·CR.

"Denoting AO by u, BQ by b, RTby c, CA by T, CB by T', CR by e
and RS by z, we ,vill have

(
/ZT ) , (ZT'R (c-z) e== AT - - a + Br
(} \Q

H Consequentl)'"
_ Aare + Bbr'e + RCf!2

z - --A-,2-+
4' Corollary. - Let F, f, ep be the motive forces of the bodies A, B, R.

The accelerating force will he found to be

Fr IT' + CPr}
Ar2 Br2 + R g2 X (!

on giving-:a, b, c, their values Therefore, if the element of arc

described hy the radius CR is taken to be ds and the velocity of R to
he u., then, in general,

Fr + fr' cpe eds == udu
Ar2 Br2 Re2

whatever the forces F, f, cp may he. It is easy, by this means, to solve
the problem of centres of oscillation under any hypothesis.

6. THE PRIORITY OF HERMAN AND EULER IN THE MATTER OF n'ALEM-
BERT'S PRINCIPLE.

After recalling Jacques Bernoulli's solution of the problem of the
centre of oscillation, d'Alembert remarks that Euler, in Volume III ofthe
old Commentaries of the Academy of Petersbourg (1740), had used the
principle according to which the powers R· RS, B. B G, A ·AM must be
equivalent to the powers R.RT, B.BQ, A·AO. "But M. Euler has
in no way demonstrated this principle and this, it seems to me, can only
he done by means of ours. Moreover, the author has only applied this
principle to the solution of a smaIl number of problems concerning the
oscillation of flexible or inflexible bodies, and the solution that he has
given to one of these problems is not correct. [This was the problem
of the oscillation of a solid body on a plane.] This shows to what extent
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If this equation is now multiplied by r3 ds and the right-hand side transformed via

d
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we obtain
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m r

r s u ui i
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∑
∑

=2 3 3 3d d ,

in agreement with the relationship derived by d’Alembert.

4.2.6 Modern Ideas
We have seen that on the Continent, the introduction of a gravitational force 
acting at a distance was viewed as the most questionable proposition of the Prin-
cipia. Even Huygens was of the view that this amounted to a smuggling back 
into science of the medieval occult qualities that had fortunately been banished. 
In this respect, everyone followed Descartes; they simply could not imagine any 
interaction other than through immediate contact. We should mention here the 
surprising fact that this Cartesian proposition actually goes back to Aristotle. 
Even Newton was inclined to believe that the law of action at a distance should 
somehow be explainable within the Cartesian framework. However, he avoided 
pursuing the matter. In any case, Newton held to the idea of two sorts of force: 
forces that are transmitted through direct contact and those, such as gravitation, 
acting at a distance, where a transmitting medium is excluded.

The most forceful advocate of the Newtonian point of view was the Jesuit Roger 
Joseph Boscovich (1711–1787), from Ragusa (Dubrovnik), who held a teaching 
post in Rome. He turned the question around: How is one to understand in detail 
the interaction that we call immediate contact? On the basis of clever consider-
ations, he finally arrived at the notion that even in this case, the interaction can 
occur only as a result of force acting at a distance. With these ideas, the defensive 
arguments turned into an offensive against the Cartesians, as Boscovich went on 
to show that the arguments put forth by Descartes’s followers were untenable. 
His arguments are very easy to understand and extremely convincing. Following 
Boscovich, we imagine two bodies, one of which is traveling at a speed of, say, 6 
units, the other at a speed of 12. We imagine what transpires when the two bodies 
collide, where we naturally assume that the faster body followed the slower one of 
the same mass along the same straight path. By conservation of “quantity of mo-
tion,” both bodies should continue after collision along the same path, each with 
a speed of 9 units (in the case of elastic collision in the first brief phase of the col-
lision, and in the case of inelastic collision thereafter as well). 

But how did the velocity of the faster body come to be reduced from 12 to 9, 
and that of the slower body increased from 6 to 9? Clearly, the time interval for the 
change in velocities cannot be zero, for then, argues Boscovich, the instantaneous 
change in speed would violate the law of continuity. Furthermore, we would have 
to say that at the moment of impact, the speed of one body is simultaneously 12 
and 9, which is patently absurd. It is therefore necessary for the change in speed to 
take place in a small, yet finite, amount of time. But with this assumption, we ar-
rive at yet another contradiction. Suppose, for example, that after a small interval 
of time, the speed of the faster body is 11, and that of the slower body is 7. But this 
would mean that they are not moving at the same velocity, and the front surface of 
the faster body would advance through the rear surface of the slower body, which

��Figure 4.43 According to BOSCOVICH, force 
depends on distance in the neighborhood of a “mass 
point” (fig. 1). (Library of the University for Heavy 
Industry, Miskolc.)

��Figure 4.44 MIKHAIL VASSILYEVICH LOMONOSOV (1711–
1765): born into the family of a fisherman not far from 
Arkhangelsk. In 1730, he left his place of birth to study 
in Moscow and then St. Petersburg. In order to do so, 
he had to hide his origins. From 1736, he studied with 
a scholarship in Marburg under the famous physicist 
and philosopher CHRISTIAN WOLFF. Later, he studied 
chemistry and metallurgy in Freiburg. In 1745, he was 
appointed professor of chemistry in Petersburg, the first 
Russian to be named to the academy, where previously 
only foreigners had taught. In 1748, he set up a chemi-
cal research laboratory. On his initiative, a university on 
the European model was founded in 1755 in Moscow 

continued on next page
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D’Alembert’s principle (Appraisal by Lagrange) 

The Traité de Dynamique of d' Alembert, which was published in 
1743, put an end to this type of challenge by giving a general and 
direct method to solve or at least to put into the form of equations 
all the problems of dynamics that can be imagined. This method 
reduces all the laws of the motions of bodies to those of their 
equilibrium and thus reduces dynamics to statics. We have already 
observed that the principle used by James Bernoulli in his research 
on the center of oscillation had the advantage of making this 
research dependent on the equilibrium conditions for the lever. But 
it was reserved for d'Alembert to conceive this principle in a 
general fashion and to give it all the simplicity and fecundity which 
it merits (Lagrange, 1788). 
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D’Alembert’s principle (Critic by Lagrange) 

Thus by combining this [D’Alembert’s] principle with the ordinary 
principles for the equilibrium of the lever or of the composition of 
forces, the equations for each problem can always be found. 
But the difficulty of determining the forces which must be 
equilibrated as well as the laws of equilibrium between these 
forces often makes the application of this principle awkward and 
difficult, and the solutions obtained are almost always more 
complicated than if they were deduced from less simple and 
direct principles as is evident from the second part of the Traité 
de Dynamique. 
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D’Alembert’s principle (Formulation by Lagrange) 

DIFFERENTIAL EQUATIONS 223 

maximum or a minimum. It could be called with more reason, the principle of the largest 
or smallest force vive. And this manner of conceiving it would have the advantage of 
generality with respect to motion as well as to equilibrium, since we have seen in Article 
22 of SECTION III of PART I, that the force vive of a system is always a maximum or a 
minimum in the state of equilibrium. 

SECTION IV 
DIFFERENTIAL EQUATIONS FOR THE SOLUTION OF 

ALL PROBLEMS OF DYNAMICS 

I. The formula to which the entire theory of dynamics has been reduced in SECTION II 
requires only further development to give all the necessary equations for the solution of any 
problem of this science. But this development which is only a matter of pure calculation 
can still be simplified in several ways by means which we will present in this section. 

Since the problem consists of reducing the various variables which are contained in the 
formula to the smallest possible number by means of the equations of condition provided 
by the nature of each problem, one ofthe main objectives is to substitute for these variables 
functions of other variables. This objective is always easy to fulfill by ordinary methods. 
But there is one particular approach which has the advantage of leading directly to the 
simplest transformation for the proposed formula. 

2. The formula is composed of two different parts which must be considered separately. 
The first part contains the terms 

d2x d2y d2z 
S( -d 2 Ox + -d 2 oy + -d 2 0z )m t t t 

which results solely from the inertia forces ofthe bodies. The second part is composed of 
the terms 

S(P op + Q oq + Ror + .. ·)m 

and is due to the accelerating forces P, Q, R, etc. which are assumed to act effectively on 
each body in the directions of the lines p, q, r, etc. and which have a tendency to shorten 
these lines. The sum of these two quantities, when equated to zero, constitutes the general 
formula of dynamics (SECTION II, Article 5). 

3. At the outset, consider the expression d2x ox + d2y oy + d2 Z oz It is clear that if the 
following expression is added to the preceding expression 

dx dox + dy doy + dz doz 

the sum is integrable. After integration there results 

dx Ox + dy oy + dz oz 

13 



D’Alembert’s principle (Modern formulation) 

Lagrange Equations 

16.61 Aerospace Dynamics Spring 2003 

Massachusetts Institute of Technology © How, Deyst 2003 (Based on notes by Blair 2002) 4 

Define: Lagrangian Function 
• L = T – V  (Kinetic – Potential energies) 

 
Lagrange’s Equation 

• For conservative systems 

0
i i

d L L
dt q q

⎛ ⎞∂ ∂− =⎜ ⎟∂ ∂⎝ ⎠!
 

• Results in the differential equations that describe the 
equations of motion of the system 

 
Key point:  
• Newton approach requires that you find accelerations in all 

3 directions, equate F=ma, solve for the constraint forces, 
and then eliminate these to reduce the problem to 
“characteristic size” 

• Lagrangian approach enables us to immediately reduce the 
problem to this “characteristic size” ! we only have to 
solve for that many equations in the first place. 

 
The ease of handling external constraints really differentiates the 
two approaches  

 

L  =  T  –  V  
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Questions for discussion 

•  D'Alembert uses the notion of forces in his original text, when 
did the notion of force enter the physical sciences and what 
meaning does it have at the time of D'Alembert? 

•  When D'Alembert mentions the accelerating force, what 
precisely does he mean by this? 

•  How was Hume’s idea of causation received in the scientific 
society at the time? Did the physicists believe their grounding 
of physics was gone due to this discovery? Did this effect 
D'Alembert and Maupertius as they talk about bodies colliding 
and changing course due to the collision? 
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Principle of least action 

•  Fermat – “The synthesis of refractions” (1662)  

•  Brachystochrone problem (John Bernoulli’s challenge 1696) 

“Nature operates by means and ways that are 
easiest and fastest” 

“Find the curve joining two points in a vertical 
plane along which a frictionless beam will 
descend in the least possible time” 
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Principle of least action (Maupertuis) 
Derivation of the laws of motion and equilibrium from a metaphysical principle (1746) 

I. Assessment of the Proofs of God's Existence that are Based on the 
Marvels of Nature/II. Need to Identify Proofs of God's Existence in the 
General Laws of Nature 

•  Whether we stay locked up in our own thoughts, or venture out to survey the 
marvels of the universe, we find so many arguments for the existence of an all-
powerful and all-wise Being, that we don't need to increase their number; rather, 
we should distill them down to a few solid proofs. 

•  Many things in the universe suggest that it is governed by a blind power. On all 
sides, we see consequences of effects leading to some destination; but this 
does not prove intelligent design. We must rather seek signs of God's wisdom in 
the goals of His designs;  

•  Let us see whether we can find a better use for mathematics. Mathematical 
arguments for God's existence would have the obvious certainty characteristic of 
geometrical truths. Those who doubt metaphysical reasoning would believe a 
mathematical argument more readily, whereas those exposed to the usual 
arguments would find mathematical arguments more elevating and precise. 
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Principle of least action (Maupertuis) 
General Principle 

When a change occurs in Nature, the quantity of action necessary for that 
change is as small as possible. 

The quantity of action is the product of the mass of the bodies times their 
speed and the distance they travel. A = m.v.s 

Inelastic collision Elastic collision Equilibrium 

m1 m2 before 
v1 

after 

v2 

vf 
m1 m2 

Changes in action: m1(vf – v1)2  and m2(vf – v2)2 

Total change should be minimized (f´(vf) = 0) 

initial collision and the rebounding should produce an effect equal to that which caused the collision; thus, the final relative
speed of the two bodies should equal the initial relative speed, albeit with opposite direction. Hence, the final relative speed of
two elastic bodies after the collision should be the same as the initial relative speed.

Let us now seek the laws that govern the distribution of motion among colliding bodies, whether they be elastic or inelastic.

We will derive these laws from only one principle and, from the same principle, we will derive the laws of mechanical
equilibrium.

General Principle

When a change occurs in Nature, the quantity of action necessary for that change is as small as possible.

The quantity of action is the product of the mass of the bodies times their speed and the distance they travel. When a body is
transported from one place to another, the action is proportional to the mass of the body, to its speed and to the distance over
which it is transported.

Problem I: Laws of Motion for Inelastic Bodies

Let there be two inelastic bodies of masses  and  moving in the same direction with speeds  and , respectively. Let
the first mass move more quickly, so that it overtakes the second mass and collides with it. After the collision, let the common
velocity of the two bodies be  such that . The change in the universe is that, whereas the first mass was moving
at a speed  and was covering a distance  per unit time, it now moves only at a speed  and covers only a distance  per
unit time; and whereas the second mass was moving only at a speed  and was covering only a distance  per unit time, it
now moves at speed  and covers a distance  per unit time.

This change would be the same if

while the first body was moving at speed  and was covering a distance  per unit time, it were being transported
backwards by an invisible, massless plane moving at speed  and covering a distance  per unit time; and

while the second body was moving at speed  and was covering a distance  per unit time) it were being transported
forwards by an invisible, massless plane moving at speed  and covering a distance  per unit time.

The motion of these immaterial planes conveying the masses  and  are the same, regardless of whether the masses are
moving relative to these planes or are at rest. Hence, the quantities of action produced in Nature are  and 

, the sum of which should be minimized. Thus, we have

or, rather,

from which one can derive the final speed

In this case where the two bodies are moving in the same direction, the quantity of momentum produced and destroyed is the
same; the total momentum is constant, being the same after the impact as beforehand.

It is easy to extend the same reasoning to the case where the two bodies are moving towards each other, by making the second
speed  negative. In that case, the final speed is

If the second body is at rest before the impact, , and the final speed is

If the first body encounters an impassable barrier, one can consider that barrier as a body of infinite mass at rest; since  is
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General Principle
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while the second body was moving at speed  and was covering a distance  per unit time) it were being transported
forwards by an invisible, massless plane moving at speed  and covering a distance  per unit time.

The motion of these immaterial planes conveying the masses  and  are the same, regardless of whether the masses are
moving relative to these planes or are at rest. Hence, the quantities of action produced in Nature are  and 

, the sum of which should be minimized. Thus, we have

or, rather,

from which one can derive the final speed

In this case where the two bodies are moving in the same direction, the quantity of momentum produced and destroyed is the
same; the total momentum is constant, being the same after the impact as beforehand.

It is easy to extend the same reasoning to the case where the two bodies are moving towards each other, by making the second
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If the first body encounters an impassable barrier, one can consider that barrier as a body of infinite mass at rest; since  is
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If the first body encounters an impassable barrier, one can consider that barrier as a body of infinite mass at rest; since  is
infinite, the final speed .

Now let us consider what happens to elastic bodies, by which I mean perfectly elastic bodies.

Problem II: Laws of Motion for Elastic Bodies

Let there be two elastic bodies of masses  and  moving in the same direction with speeds  and , respectively. Let the
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For elastic bodies, the relative speed after the impact should equal the relative speed before the impact; hence, we have 
 or, rather,  and, thus, . Substitution into the preceding equation yields the
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If the first body encounters an impassable barrier, one can consider that barrier as a body of infinite mass at rest. In that case,
the final speed , i.e., the first mass rebounds at the same speed with which it struck the barrier.

If one takes the sum of the kinetic energies, one sees that they are the same after the impact as before; thus,

the sum of the kinetic energies is conserved after the impact. However, this conservation applied only to elastic bodies, and not
to inelastic bodies. The general principle that applies to both types of bodies is that the quantity of action required to cause a
change in Nature is as small as possible.

This principle is so universal and so fruitful that one can also derive the law of mechanical equilibrium from it. At equilibrium,
there is no difference between elastic and inelastic bodies.

Problem III: Law of Mechanical Equilibrium for Bodies

I now suppose that two bodies are attached to a lever, and I seek the point about which they remain in equilibrium. Thus, I seek
the point about which, if the lever moves slightly, the quantity of action is as small as possible.

Let  be the length of the lever (which I suppose to be massless), and let two masses  and  be placed at either end. If 
represents the distance from the first mass  to the equilibrium point being sought, then  represents the corresponding
distance to the second mass . Obviously, if the lever rotates slightly about a point, the two masses describe geometrically
similar arcs, whose size is proportional to their respective distances from the point of rotation. Thus, these arcs are the distances
traveled by the bodies and also represent their speeds per unit time. Hence, the quantity of action is proportional to the product
of the mass of each body multiplied by the square of its arc length; or, equivalently (since the two arcs are geometrically
similar), the quantity of action is proportional to the product of the mass of each body multiplied by the square of its distance to
the point of rotation, i.e.,  and . The sum of these two terms should be minimized, giving the equation

or, rather,

from which the equilibrium position may be derived

This is the basic law of mechanical equilibrium.
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If the first body encounters an impassable barrier, one can consider that barrier as a body of infinite mass at rest. In that case,
the final speed , i.e., the first mass rebounds at the same speed with which it struck the barrier.
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Principle of least action (Maupertuis) 
Accord between different laws of Nature that seemed incompatible (1744) 

Now I have to define what I mean by "action". When a 
material body is transported from one point to another, 
it involves an action that depends on the speed of the 
body and on the distance it travels. However, the action 
is neither the speed nor the distance taken separately; 
rather, it is proportional to the sum of the distances 
travelled multiplied each by the speed at which they 
were travelled. Hence, the action increases linearly with 
the speed of the body and with the distance travelled. 

To find the point R at which the light is bent, I seek a 
point that minimizes the action, i.e., V.AR + W. RB 
should be minimized The refraction of light

After meditating deeply on this topic, it occurred to me that light, upon passing from one medium to another, has to make a
choice, whether to follow the path of shortest distance (the straight line) or the path of least time. But why should it prefer time
over space? Light cannot travel both paths at once, yet how does it decide to take one path over another? Rather than taking
either of these paths per se, light takes the path that offers a real advantage: light takes the path that minimizes its action.

Now I have to define what I mean by "action". When a material
body is transported from one point to another, it involves an
action that depends on the speed of the body and on the distance
it travels. However, the action is neither the speed nor the
distance taken separately; rather, it is proportional to the sum of
the distances travelled multiplied each by the speed at which
they were travelled. Hence, the action increases linearly with the
speed of the body and with the distance travelled.

This action is the true expense of Nature, which she manages to
make as small as possible in the motion of light.

Let there be two media, separated by a common surface
(represented by the line CD), such that the speed of light in the
upper medium is V and in the lower medium is W. Let there be a
ray of light AR that leaves from a given point A and arrives at a
given point B.

To find the point R at which the light is bent, I seek a point that
minimizes the action, i.e.,  should be
minimized or, equivalently,

Since ,  and  are constants, minimization yields the equation

or, equivalently,

In other words, the ratio of the sine of the angle of incidence to the sine of the angle of refraction equals the inverse ratio of the
speeds at which light moves in each medium.

Thus, the refraction of light agrees with the grand principle that Nature always uses the simplest means to accomplish its effects.
From this principle, can be derived whenever light passes from one medium to another, the ratio of the sine of the angle of
refraction to the sine of the angle of refraction equals the inverse ratio of the speeds at which light moves in each medium.

But this "budget", this expense of action that Nature minimizes in the refraction of light, is it also minimized in the direct
propagation and reflection of light? Yes, it always has the smallest possible value.

In both cases (direct propagation and reflection), the speed of light remains constant. Hence, the path of least action is the same
as the path of shortest distance and the path of briefest time. However, those latter two paths are merely a consequence of the
path of least action, a consequence that Fermat and Leibniz took as the fundamental principle.

Having discovered the true principle, I then derived all the laws that govern the motion of light, those concerning its direct
propagation, its reflection and its refraction. I reserve for particular members of our Assembly the geometrical demonstration of
my theory.

I know the distaste that many mathematicians have for final causes applied to physics, a distaste that I share up to some point. I
admit, it is risky to introduce such elements; their use is dangerous, as shown by the errors made by Fermat and Leibniz in
following them. Nevertheless, it is perhaps not the principle that is dangerous, but rather the hastiness in taking as a basic
principle that which is merely a consequence of a basic principle.

One cannot doubt that everything is governed by a supreme Being who has imposed forces on material objects, forces that

The refraction of light

After meditating deeply on this topic, it occurred to me that light, upon passing from one medium to another, has to make a
choice, whether to follow the path of shortest distance (the straight line) or the path of least time. But why should it prefer time
over space? Light cannot travel both paths at once, yet how does it decide to take one path over another? Rather than taking
either of these paths per se, light takes the path that offers a real advantage: light takes the path that minimizes its action.
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body is transported from one point to another, it involves an
action that depends on the speed of the body and on the distance
it travels. However, the action is neither the speed nor the
distance taken separately; rather, it is proportional to the sum of
the distances travelled multiplied each by the speed at which
they were travelled. Hence, the action increases linearly with the
speed of the body and with the distance travelled.

This action is the true expense of Nature, which she manages to
make as small as possible in the motion of light.

Let there be two media, separated by a common surface
(represented by the line CD), such that the speed of light in the
upper medium is V and in the lower medium is W. Let there be a
ray of light AR that leaves from a given point A and arrives at a
given point B.

To find the point R at which the light is bent, I seek a point that
minimizes the action, i.e.,  should be
minimized or, equivalently,

Since ,  and  are constants, minimization yields the equation

or, equivalently,

In other words, the ratio of the sine of the angle of incidence to the sine of the angle of refraction equals the inverse ratio of the
speeds at which light moves in each medium.

Thus, the refraction of light agrees with the grand principle that Nature always uses the simplest means to accomplish its effects.
From this principle, can be derived whenever light passes from one medium to another, the ratio of the sine of the angle of
refraction to the sine of the angle of refraction equals the inverse ratio of the speeds at which light moves in each medium.

But this "budget", this expense of action that Nature minimizes in the refraction of light, is it also minimized in the direct
propagation and reflection of light? Yes, it always has the smallest possible value.

In both cases (direct propagation and reflection), the speed of light remains constant. Hence, the path of least action is the same
as the path of shortest distance and the path of briefest time. However, those latter two paths are merely a consequence of the
path of least action, a consequence that Fermat and Leibniz took as the fundamental principle.

Having discovered the true principle, I then derived all the laws that govern the motion of light, those concerning its direct
propagation, its reflection and its refraction. I reserve for particular members of our Assembly the geometrical demonstration of
my theory.

I know the distaste that many mathematicians have for final causes applied to physics, a distaste that I share up to some point. I
admit, it is risky to introduce such elements; their use is dangerous, as shown by the errors made by Fermat and Leibniz in
following them. Nevertheless, it is perhaps not the principle that is dangerous, but rather the hastiness in taking as a basic
principle that which is merely a consequence of a basic principle.

One cannot doubt that everything is governed by a supreme Being who has imposed forces on material objects, forces that

The refraction of light

After meditating deeply on this topic, it occurred to me that light, upon passing from one medium to another, has to make a
choice, whether to follow the path of shortest distance (the straight line) or the path of least time. But why should it prefer time
over space? Light cannot travel both paths at once, yet how does it decide to take one path over another? Rather than taking
either of these paths per se, light takes the path that offers a real advantage: light takes the path that minimizes its action.

Now I have to define what I mean by "action". When a material
body is transported from one point to another, it involves an
action that depends on the speed of the body and on the distance
it travels. However, the action is neither the speed nor the
distance taken separately; rather, it is proportional to the sum of
the distances travelled multiplied each by the speed at which
they were travelled. Hence, the action increases linearly with the
speed of the body and with the distance travelled.

This action is the true expense of Nature, which she manages to
make as small as possible in the motion of light.

Let there be two media, separated by a common surface
(represented by the line CD), such that the speed of light in the
upper medium is V and in the lower medium is W. Let there be a
ray of light AR that leaves from a given point A and arrives at a
given point B.

To find the point R at which the light is bent, I seek a point that
minimizes the action, i.e.,  should be
minimized or, equivalently,

Since ,  and  are constants, minimization yields the equation

or, equivalently,

In other words, the ratio of the sine of the angle of incidence to the sine of the angle of refraction equals the inverse ratio of the
speeds at which light moves in each medium.

Thus, the refraction of light agrees with the grand principle that Nature always uses the simplest means to accomplish its effects.
From this principle, can be derived whenever light passes from one medium to another, the ratio of the sine of the angle of
refraction to the sine of the angle of refraction equals the inverse ratio of the speeds at which light moves in each medium.

But this "budget", this expense of action that Nature minimizes in the refraction of light, is it also minimized in the direct
propagation and reflection of light? Yes, it always has the smallest possible value.

In both cases (direct propagation and reflection), the speed of light remains constant. Hence, the path of least action is the same
as the path of shortest distance and the path of briefest time. However, those latter two paths are merely a consequence of the
path of least action, a consequence that Fermat and Leibniz took as the fundamental principle.

Having discovered the true principle, I then derived all the laws that govern the motion of light, those concerning its direct
propagation, its reflection and its refraction. I reserve for particular members of our Assembly the geometrical demonstration of
my theory.

I know the distaste that many mathematicians have for final causes applied to physics, a distaste that I share up to some point. I
admit, it is risky to introduce such elements; their use is dangerous, as shown by the errors made by Fermat and Leibniz in
following them. Nevertheless, it is perhaps not the principle that is dangerous, but rather the hastiness in taking as a basic
principle that which is merely a consequence of a basic principle.

One cannot doubt that everything is governed by a supreme Being who has imposed forces on material objects, forces that

I know the distaste that many mathematicians have 
for final causes applied to physics, a distaste that I 
share up to some point. I admit, it is risky to 
introduce such elements; their use is dangerous, as 
shown by the errors made by Fermat and Leibniz in 
following them. Nevertheless, it is perhaps not the 
principle that is dangerous, but rather the hastiness 
in taking as a basic principle that which is merely a 
consequence of a basic principle. 

Since AC, BD and CD are constants, minimization yields 

                        Find the error 
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Mach’s sharp criticism to Maupertuis 

It will thus be seen that Maupertuis really had no principle, 
properly speaking, but only a vague formula, which was 
forced to do duty as the expression of different familiar 
phenomena not really brought under one conception. I 
have found it necessary to enter into some detail in this 
matter, since Maupertuis's performance, though it has been 
unfavorably criticized by all mathematicians, is, 
nevertheless, still invested with a sort of historical halo. It 
would seem almost as if something of the pious faith of the 
church had crept into mechanics. However, the mere 
endeavor to gain a more extensive view, although beyond 
the powers of the author, was not altogether without 
results. Euler, at least, if not also Gauss, was stimulated by 
the attempt of Maupertuis. 
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Principle of least action (Euler, 1744 – App. 2) 

1. Since all natural phenomena obey a certain maximum or minimum law; 
there is no doubt that some property must be maximized or minimized in the 
trajectories of particles acted upon by external forces. However, it does not 
seem easy to determine which property is minimized from metaphysical 
principles known a priori. Yet if the trajectories can be determined by a direct 
method, the property being minimized or maximized by these trajectories can 
be determined, provided that sufficient care is taken. After considering the 
effects of external forces and the movements they generate, it seems most 
consistent with experience to assert that the integrated momentum (i.e., the 
sum of all momenta contained in the particle's movement) is the minimized 
quantity. This assertion is not sufficiently proven at present; however, if I can 
show it to be connected with some truth known a priori, it will carry such 
weight as to utterly vanquish every conceivable doubt. If indeed it's truth can 
be verified, this assertion will make it easier to investigate the deepest laws of 
Nature and their final causes, and also easier to identify a firmer rationale for 
this assertion. 

A very different approach compared with Maupertuis… 
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Principle of least action (Euler, 1744 – App. 2) 
2. Let the mass of a moving particle be M, and let its speed be v while being 
moved over an infinitesimal distance ds. The particle will have a momentum 
Mv that, when multiplied by the distance ds, gives Mvds, the momentum of 
the particle integrated over the distance ds. Now I assert that the true 
trajectory of the moving particle is the trajectory to be described (from among 
all possible trajectories connecting the same endpoints) that minimizes 
∫Mvds or (since M is constant) ∫vds. Since the speed v resulting from the 
external forces can be calculated a posteriori from the trajectory itself, a 
method of maxima and minima should suffice to determine the trajectory a 
priori. The minimized integral can be expressed in terms of the momentum 
(as above), but also in terms of the kinetic energy. For, given an infinitesimal 
time dt during which the element ds is traversed, we have ds = vdt. Hence, 
∫Mvds = ∫Mv2dt  is minimized, i.e., the true trajectory of a moving particle 
minimizes the integral over time of its instantaneous kinetic energies. Thus, 
this minimum principle should appeal both to those who favor momentum for 
mechanics calculations and to those who favor kinetic energy. 
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Principle of least action (Euler, 1744 – App. 2) 

3. For our first example, consider a moving particle free 
of external forces, which has a constant speed, 
denoted b. By our principle, such a particle describes a 
trajectory that minimizes ∫bds or ∫ds = s. Hence, the 
true path of a free particle has the minimum length of 
all paths connecting the same endpoints; this path is a 
straight line, just as the first principles of Mechanics 
postulate. I do not present this example as evidence for 
the general principle, since the integral of any function 
of the constant speed would, upon minimization, 
produce a straight line. I begin with this simple case 
merely to illustrate the reasoning. 
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Principle of least action (Euler, 1744 – App. 2) 

4. Let us proceed to the case of uniform gravity or, 
more generally, to the case in which a moving particle 
is acted upon by a downwards force of constant 
acceleration g. 

THE EXTEA"SIO.V OF THE PRINCIPLES. 369

hands.

Euler finds the requisite expression in the formula The form
/- / i 71 11 PI 11 which the

/
v as, where ds denotes the element of the path and principle,

*J , . . m, . . assumed in
v the corresponding velocity. This expression is smaller Eui<

for the path actually taken than for any other infinitely

adjacent neighboring path between the same initial

and terminal points, which the body ma}^ be constrained

to take. Conversely, therefore, by seeking the path that

makes Cv ds a minimum, we can also determine the

path. The problem of minimising Cv ds is, of course,
as Euler assumed, a permissible one, only when v de-

pends on the position of the elements ds, that is to

say, when the principle of vis viva holds for the forces,

or a force-function exists, or what is the same thing,
when v is a simple function of coordinates. For a mo-
tion in a plane the expression would accordingly as-

sume the form

JVC>/J)\ 1 4--X ,dx

In the simplest cases Euier's principle is easily veri-

fied. If no forces act, v is constant, and the curve of

motion becomes a straight line, for which Cvds^z
v C ds is unquestionably shorter than for any other
curve between the same terminal points.

Also, a body moving on a curved surface

without the action of forces or friction,

preserves its velocity, and describes on
the surface a shortest line.

The consideration of the motion of a

projectile in a parabola ABC (Fig. 190)
will also show that the quantity Cv ds
is smaller for the parabola than for any
other neighboring curve

; smaller, even,
than for the straight line ABC between the same ter-

minal points. The velocity, here, depends solely on the

Euier's
principle
applied to

/" the motion
of a projec-
tile.

Fig. 190

Goal: Minimize ∫vds 

Mach’s qualitative reasoning: 
Why is the parabola ABC better than the straight line ADC? 
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In Chapter 2 Euler developed his derivation of this equation (for the case n = 1) with
reference to Figure 4, in which the line anz is the hypothetical extremizing curve. The let-
ters M , N , O designate three points of the x-axis AZ infinitely close together. The letters
m, n, o designate corresponding points on the curve given by the ordinates Mm, Nn, Oo.
Let AM = x , AN = x ′, AO = x ′′ and Mm = y , Nn = y ′, Oo = y ′. The differential coef-
ficient p is defined by the relation dy = p dx; hence p = dy/dx . We have the following
relations

p = y ′ − y

dx
, p′ = y ′′ − y ′

dx
. (5)

The integral
∫ b
a Z dx was regarded by Euler as an infinite sum of the form · · · + Z,

dx + Z dx + Z′ dx + · · ·, where Z, is the value of Z at x − dx , Z its value at x and
Z′ its value at x + dx , and where the summation begins at x = a and ends at x = b. It is
important to note that Euler did not employ limiting processes or finite approximations. Let
us increase the ordinate y ′ by the infinitesimal ‘particle’ nv, obtaining in this way a com-
parison curve amvoz. Consider the value of

∫ b
a Z dx along this curve. By hypothesis the

difference between this value and the value of
∫ b
a Z dx along the actual curve will be zero.

The only part of the integral that is affected by varying y ′ is Z dx + Z′ dx = (Z + Z′) dx .
Euler wrote:

dZ = M dx + N dy + P dp, dZ′ = M ′ dx + N ′ dy ′ + P ′ dp′. (6)

He proceeded to interpret the differentials in (6) as the infinitesimal changes in Z, Z′, x ,
y , y ′, p, p′ that result when y ′ is increased by nv. From (5) we see that dp and dp′ equal
nv/dx and −nv/dx . (These changes were presented by Euler in the form of a table, with
the variables in the left column and their corresponding increments in the right column.)
Hence (6) becomes

dZ = P · nv

dx
, dZ′ = N ′ · nv − P ′ · nv

dx
. (7)
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Johann, then thirty-eight, also adopted Jakob’s methods and developed them along more
geometric lines in a paper that was published in 1719.

In two memoirs published in the St. Petersburg Academy of Sciences in 1738 and 1741,
Euler extracted from the various solutions of Jakob and Johann Bernoulli, as well as the
researches of Taylor, a general approach to single-integral variational problems. These
investigations were further developed and became the subject of the Methodus inveniendi,
of which the contents is summarised in Table 1. Its title may be translated ‘The method of
finding plane curves that show some property of maximum or minimum, or the solution of
isoperimetric problems in the widest accepted sense’.

Euler realized that the different integrals in the earlier problems were all instances of
the single form

∫ b

a
Z

(
x, y, y ′, . . . , y(n)

)
dx, (4)

where Z is a function of x , y and the first n derivatives of y with respect to x . He de-
rived a differential equation, known today as the Euler or Euler–Lagrange equation, as a
fundamental condition that must be satisfied by a solution of the variational problem.

Table 1. Contents by Chapters of Euler’s book.

Part Page Content
Ch. 1 1 ‘Method of maximum and minimum’ in general.
Ch. 2 32 Differential equations for the optimizing curve.
Ch. 3 83 Side conditions in the form of differential equations.
Ch. 4 130 Resolution of various problems.
Chs. 5–6 171 Isoperimetric problems.
App. 1 245 Elastic curves.
App. 2 311 Principle of least action. [End 320.]

General problem: Conditions for the integral to be a maximum/minimum (stationary) 

Let AM = x, AN = x′, AO = x′′ and 
      Mm = y, Nn = y′, Oo = y′’ 
 
Let p = dy/dx 
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Problem: Minimize (stationary) the integral 

Z(x, y, p)dx
a

b

∫ δ Z(x, y, p)dx
a

b

∫ = 0

Euler treats the integral as a sum 

...+,Zdx + Zdx + Z 'dx + Z ''dx + ...= 0

Let y’ increase by the infinitesimal “particle” nv  

dy ' = nv dp = (y '+ nv)− y
dx

− y '− y
dx

= nv
dx

dp ' = − nv
dx

The change in y’ will change only Z and Z’ 
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If the integral is stationary, the total change is 0 

dZ + dZ ' = 0 P.nv
dx

+ N 'nv − P '.nv
dx

= 0

Making N’ = N and P – P’ = dP in the limit 
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Thus the total change in
∫ b
a Z dx equals (dZ + dZ′) dx or nv · (P + N ′ dx − P ′). This

expression must be equated to zero. Euler set P ′ − P = dP and replaced N ′ by N . He
therefore obtained 0 = N dx − dP or

N − dP

dx
= 0, (8)

as the final equation of the problem.
Equation (8) is the simplest instance of the Euler differential equation, giving a con-

dition that must be satisfied by the minimizing or maximizing arc. Noting that N and P

are the partial derivatives of Z with respect to y and y ′ respectively, we may write (8) in
modern notation as

∂Z

∂y
− d

dx

∂Z

∂y ′ = 0. (9)

He also derived the corresponding equation when higher-order derivatives of y with respect
to x appear in the variational integral. This derivation was a major theoretical achievement,
representing the synthesis in one equational form of the many special cases and examples
that had appeared in the work of earlier researchers.

3 FOUNDATIONS OF ANALYSIS

Near the beginning of his book Euler noted that a purely analytical interpretation of the
theory is possible. Instead of seeking the curve which makes W an extremum one seeks
that ‘equation’ between x and y which among all such equations when introduced into (1)
makes the quantity W a maximum or minimum (p. 13). He wrote:

Corollary 8. In this way questions in the doctrine of curved lines may be re-
ferred back to pure analysis. Conversely, if questions of this type in pure analy-
sis be proposed, they may be referred to and solved by means of the doctrine
of curved lines.
Scholium 2. Although questions of this kind may be reduced to pure analysis,
nevertheless it is useful to consider them as part of the doctrine of curved lines.
For though indeed we may abstract from curved lines and consider absolute
quantities alone, so these questions at once become abstruse and inelegant and
appear to us less useful and worthwhile. For indeed methods of resolving these
sorts of questions, if they are formulated in terms of abstract quantities alone,
are very abstruse and troublesome, just as they become wonderfully practical
and become simple to the understanding by the inspection of figures and the
linear representation of quantities. So although questions of this kind may be
referred to either abstract or concrete quantities it is most convenient to formu-
late and solve them by means of curved lines. Thus if a formula composed of
x and y is given, and that equation between x and y is sought such that, the
expression for y in terms of x given by the equation being substituted, there
is a maximum or minimum; then we can always transform this question to the
determination of the curved line, whose abscissa is x and ordinate is y , for
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Euler equation 
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Euler’s original (be careful with notation) 

Here y’ means the derivative of 
y with respect to x 

Here y’ is just an ordinate. 
The derivative dy/dx is p 



Principle of least action (Euler, 1744 – App. 2) 
Item 4. (Euler 1744): Downwards force with constant acceleration g   

General reasoning: Minimize ∫vds Analytically – Mach (p. 370) 
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Über die Aktion von bewegten Körpern 301

welchem der bewegte Körper überall (Fig. 26) gemäß zur Horizontale normalen
Richtungen nach unten von der konstanten Beschleunigung = g beeinflusst wird.
Es sei AM die Kurve, welche der Körper in dieser Annahme beschreiben wird,
und es werde die vertikale Gerade AP für die Achse genommen und es werde
die Abszisse AP = x, die Ordinate PM = y und ein Kurvenelement Mm = ds
gesetzt;

C

A

P M
m

Fig. 26

es wird also aus der Natur der Beeinflussung dv = gdx und v = a + gx sein.
Daher wird die Kurve so beschaffen sein, dass in ihr

Z
ds
p

(a+ gx)

ein Minimum ist. Es werde dy = pdx gesetzt, dass ds = dx
p

(1 + pp) ist, und
es muss dann dies ein Minimum seinZ

dx
p

(a+ gx)(1 + pp);

dieser Ausdruck gibt mit der allgemeinen Form
R
Zdx verglichen

Z =

p
(a+ gx)(1 + pp);

daher, weil dZ = Mdx+Ndy + Pdp gesetzt worden ist, wird sein

N = 0 et P =

p
p
(a+ gx)p
(1 + pp)

.

Weil also der Differentialwert N � dP

dx

ist, wird wegen N = 0 im gegenwärtigen
Fall dP = 0 und P =

p
C werden. Man wird also haben

p
C =

p
p

(a+ gx)p
(1 + pp)

=

dy
p

(a+ gx)

ds
;
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370 THE SCIENCE OF MECHANICS.

Mathemat- vertical space described by the body, and is therefore

ojnnent'of the same for all curves whose altitude above OC is the

same. If we divide the curves by a system of horizontal

straight lines into elements which severally correspond,
the elements to be multiplied by the same v's, though
in the upper portions smaller for the straight line AD
than for A JE>, are in the lower portions just the reverse

;

and as it is here that the larger z>'s come into play, the

sum upon the whole is smaller for ABC than for the

straight line.

Putting the origin of the coordinates at A9 reckon-

ing the abscissas x vertically downwards as positive,

and calling the ordinates perpendicular thereto y9 we
obtain for the expression to be minimised

1

where g denotes the acceleration of gravity and a the

distance of descent corresponding to the initial velocity.
As the condition of minimum the calculus of variations

gives

-= Cor

dy C~
' or

y
- Cd*JV%

and, ultimately,
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straight line.

Putting the origin of the coordinates at A9 reckon-

ing the abscissas x vertically downwards as positive,

and calling the ordinates perpendicular thereto y9 we
obtain for the expression to be minimised

1

where g denotes the acceleration of gravity and a the

distance of descent corresponding to the initial velocity.
As the condition of minimum the calculus of variations

gives

-= Cor

dy C~
' or

y
- Cd*JV%

and, ultimately,

Meaning Euler 
equation (slide 26) 

Typo: this 2 should be 
outside the parenthesis 

v2 = vx
2 + vy

2  
vy

2 is constant 
vx

2 = 2gx (free fall)  

A bit confusing because 
we are used to the 

opposite convention 
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hands.

Euler finds the requisite expression in the formula The form
/- / i 71 11 PI 11 which the

/
v as, where ds denotes the element of the path and principle,

*J , . . m, . . assumed in
v the corresponding velocity. This expression is smaller Eui<

for the path actually taken than for any other infinitely

adjacent neighboring path between the same initial

and terminal points, which the body ma}^ be constrained

to take. Conversely, therefore, by seeking the path that

makes Cv ds a minimum, we can also determine the

path. The problem of minimising Cv ds is, of course,
as Euler assumed, a permissible one, only when v de-

pends on the position of the elements ds, that is to

say, when the principle of vis viva holds for the forces,

or a force-function exists, or what is the same thing,
when v is a simple function of coordinates. For a mo-
tion in a plane the expression would accordingly as-

sume the form

JVC>/J)\ 1 4--X ,dx

In the simplest cases Euier's principle is easily veri-

fied. If no forces act, v is constant, and the curve of

motion becomes a straight line, for which Cvds^z
v C ds is unquestionably shorter than for any other
curve between the same terminal points.

Also, a body moving on a curved surface

without the action of forces or friction,

preserves its velocity, and describes on
the surface a shortest line.

The consideration of the motion of a

projectile in a parabola ABC (Fig. 190)
will also show that the quantity Cv ds
is smaller for the parabola than for any
other neighboring curve

; smaller, even,
than for the straight line ABC between the same ter-

minal points. The velocity, here, depends solely on the

Euier's
principle
applied to

/" the motion
of a projec-
tile.

Fig. 190

General case: velocity is some 
function of position and ds is 

expressed in terms of dx and dy  



Principle of least action (Euler, 1744 – App. 2) 
16. Therefore, this principle is broadly applicable, except to the case of 
motion in a resistant medium. The reason for this exception is easy to 
see, because the speed of the particle at the endpoints will depend on the 
path taken. Hence, neglecting any resistance to the particle's motion, the 
momentum integrated along the path should be a minimum. Moreover, 
this minimum law is true not only for the motion of single particles, but 
also for systems of particles bound together. No matter what their 
reciprocal interactions are, the path integral of their momenta is always 
minimal. Compared to traditional mechanics methods, the motion may be 
more difficult to calculate using our new method; however, it seems easier 
to grasp from first principles. Because of their inertia, bodies are reluctant 
to move, and obey applied forces as though unwillingly; hence, external 
forces generate the smallest possible motion consistent with the 
endpoints. A rigorous proof for this principle is lacking, I realize. 
Nevertheless, it agrees with experiment and I do not doubt that it will be 
verified by stronger proofs that use the principles of a complete 
Metaphysics. But such proofs I leave to the professors of Metaphysics. 
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Mechanics’ Formalism over 2 centuries 

303

motion are derived from requirements that certain quantities related to motion 
realized in nature must assume minimal or maximal values. We met the extremal 
principle earlier when we discussed how Fermat determined the path of a ray of 
light. As we shall see, Maupertuis consciously began with Fermat’s principle. We 
take particular note of the fact, as it also can be also seen from Figure 4.31, that 
Euler played a decisive role in the formulation of all these methods. Many solu-
tions to problems in mechanics and to mathematical questions were brought by 
him into the form that we know today.

Finally, some branches of mechanics for various reasons were at the center of inter-
est before Newton or developed independently of him during his lifetime: Here 
we point to the contributions of Pierre Varignon (1654–1722) on statics and the 
methods devised by Johann Bernoulli for solving problems in statics using the 
concept of virtual work. Moreover, the concept of vis viva or living force had been the 
subject of heated discussion ever since the time of Galileo. It is Leibniz who for-
mulated the problem precisely and partially solved it. The term is due to him as well.

Of course, these parallel developments eventually were either integrated into the 
general field of mechanics or continued to live an independent life within the field, 

	�Figure 4.31 Paths to the 
perfection of mechanics after 
NEWTON.

We shall have more to say later 
in the text on the equations of 
motion for systems of mass points 
and of rigid bodies.

The mechanics of continua begins 
with the Bernoulli and Euler equa-
tions. These relate, respectively, 
to incompressible and frictionless 
ideal fluids. NAVIER proposed his 
equation in 1822, in which he 
considers internal friction using 
the coefficient of viscosity İ. 
This equation is usually referred 
to as the Navier–Stokes equa-
tion, although STOKES presented 
the equation in a more general 
form in 1845. Cauchy’s equation 
describes the motion of deform-
able solid bodies. Here T is the 
stress tensor. Turbulent flow was 
investigated by OSBORNE REYNOLDS 
(1842–1912; introduction of the 
Reynolds number, which mea-
sures the presence of turbulence), 
LUDWIG PRANDTL (1875–1953; 
theory of interfaces), and THEODORE 
VON KÁRMÁN (1881–1963). Today, 
these topics are of great interest: 
Chaos, a new scientific discipline, 
provides a method for treating 
problems in turbulent flow.  

Quotation 4.11, continued
in harmony with my soul, this body would no more 
belong to me than the body of a rhinoceros in the 
heart of Africa: and if, in the case of a derangement 
of my body, God should adjust that of a rhinoceros 
so that its motions were in such harmony with the 
determinations of my soul as to raise its paw at the 
moment I willed it, this body would then be mine, and 
would belong to my soul, as my present body now 
belongs to it, without having undergone itself, on that 
account, any change whatever. 
Mr. LEIBNITZ himself has compared the soul and the 
body to two clocks, which continually indicate the 
same hour. A clown who should see this beautiful 
harmony of these two clocks would undoubtedly 
conclude that they acted upon each other; but he 

continued on next page

Source: Simonyi (2012) 
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Questions for discussion 

•  Why does Maupertuis involve a massless invisible plane in his 
examples of the change occurring in other ways? Where does 
this idea come from? 

•  Why choose the least action? Which metaphysical 
considerations were made in the choosing of this principle?  
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